Busemann Functions in the Wasserstein Space: Existence,
Closed-Forms, and Applications to Slicing
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Contributions Sliced-Wasserstein between Datasets

Goal: Compare labeled datasets represented as IP = — 357" 1 05, o(y)) € P(Rd X Sliced-Wasserstein distance. Let 1, v € Po(RY), P’ : R? — R a projection
P(Rd)), v, €ERY y, e {1,...,C}, oy) = -2, (5%11{%:% (typically, P%(x) = (x,0)),

- 2 2 ph, ph
o Study how to extend geodesics on (Po(R?), W) SWalp, v) = /Sdl WaPyp, Pyv) dA(9)
e Busemann function on (Py(R?), Wy) — Monte-Carlo approximation between fi,, 2,,: O(Ln(logn + d))
® Define Sliced-Wasserstein distances on P(Rd X P(Rd))

Optimal Transport between Datasets (OTDD) (Alvarez-Melis and
Fusi, 2020). Optimal Transport problem on P (]Rd X Pg(Rd)) with ground cost

Optimal Transport d((x, 1), (y,v))” = ||z = yll} + W3(, v)
Wasserstein distance. Let p, v € Py(RY), Sliced- Wasserstein distance between Datasets.
W21, v) = hnf , /Hfl? — |2 dv(z, y) Define P*%": RY x P(R) — R with oo € S, 6 € 8?71 as
et Ve € RY, e PoRY), P (x, ) = on P’ (x) + axQ" (1)

— b n—l n 5y, Dy =" 5, € Po(RY lexity O(n°]
oA =10y U = 5 21 0y € PRRY), complexdty O(nlogn) Use Q"(p) = B"(Pjp) or Q"(p) = BN N (m(p), X(w))) with 1 a geodesic ray

For i, v € Po(R), Wi(p,v) = ||[F[' — FV_1H2L2([O,1])

— For [i,, = 1 " 0g,, Up = %2?21 0y, € Po(R), complexity O(nlogn) .-

If u < Leb, Wi(p, v) = infr,,—, Jllz = T(@)[I3 du(z) = Ty — 1d1 72, / B
y  — g 08 —> / —> \% y

Riemannian structure.

Geodesic between pug, puy: Vt € [0,1], pe = ((1 — t)7 + t7r2)#% v € I, (o, 1) >WBG >WBIDG

Satisfies for all s,¢ € [0, 1], Wo(ps, ) = [t — s|Walpio, p11) Experiments

If o < Leb, Vt € [0,1], iy = ((1 —t)Id + tT‘“)#,uo

If o, 1 € Po(R), VE € 0, 1], puy = ((1 —t)F 01 + tF 11)#Unif([0, 1]) Correlation with OTDD. I A
Compute distances between random - Y St SR

Conditions to be a geodesic ray, i.e. to extend ¢t — p; on R ,: subpairs of CIFARI0.

o If 11y = 0, 2o € RY, true for all v € Py(RY) — SWBG/SWBI1DG more correlated o L

oIt pp < Leb, true if and only it T/ = Vu, u : RY — R? 1-strongly convex than SOTDD (Nguyen et al., 2025) SOTODA (00 prox)  SWELDGIE (500 o) SWBG-1" (500 )

11
o For pg = N (my, Xo), 1 = N(my, X1): equivalent to (262128)% > 3 Flow of Datasets (Bonet at al, 2025). Minimize F(P) = D(P,Q) by
o For pg, 11 € Po(R), true if and only if Fu_11 _ Fu_ol non-decreasing Wasserstein over Wasserstein oradient descent.

For P* = %Zgzl 5,u’§> :ulg — Zz 15:13

Vk >0, ;= flff,c — 7V F(PY) () (27,
Busemann Function 100

10_2: — SOTDD — SWB1DG —— SWBG
: Wik, s
Busemann function associated to a geodesic ray t € R, — Ring dataset: ¢' =3, n =80 ™ 126
samples by class o

Vi € Pao(RY), B”(V) = lim  Wo(uy, v) — tWo(po, p11)

t— 400 0 200 400 600 800 1000
n 5 _ 5 B’u B f d Time (7- iter)
O o = Ogyy U1 = Ogy; o — Lo H331 .CU()||2> V( )

— extends the notion of inner product to (Pao(R%), W)
— extends the notion of projection on geodesic

o For pg = N(myg, 05), u1 = N(my,07): equivalent to o7 > oy

Ilter 250

SWBG

Computation as a Linear Program. For any v € PQ(Rd),

1

BH¥(v) = inf xr1 — To, Y — xp) d¥(xo, 1, Y),
() e (piospis) Wz(uo,ﬂl)/< 1 — @0,y — o) dY(wo, T1, Y)

where F(MO) H1, V) — {;7 = H(MO) M1, V)) 7-‘-71%22/? = HO(UO) ,ul)}
If 11y < Leb, Ti OT map between 1 and p, for any v € Po(RY),

SOTDD

Transfer learning (k-shot learn-

. Dataset k Trained on Q OTDD SWB1DG SOTDD
ing). Augment a dataset Q

1 1 20.0453  30.5449 41.3434 43.4.95

BM(V) = inf 1 /<T<ZEO) — 20, Y — x0> dV(ZCOa y) %chzl 5Vk (]C Small) addmg flowed sam- M to F 5 38.5467  99.7418 65.9416 04.5419
vel(ur) || To — Id|| 22,4 o stonting f P _ 15C 5 10 539i-9  64.00y4 66.0100 67.71o0s

p € Sbal lng Toml 0 = C ~c=1 pe a 100 71.1415 - 74.1.0¢ 72.0419

Closed-Forms for the Busemann function. known dataset (n bigger).

o For ¢ > p; geodesic ray on Po(R) such that || F,, — F, || z20.1) = 1,

Vv € Po(R), B*(v) = —(F,' = F,. L F, = Fol o
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