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Contributions

Goal: move labeled dataset in a coherent way

e Labeled datasets modeled as P =
where p" = %Z?’_l 00

e Endow Ps (Pg(Rd)) with OT distance WoW
e Minimize IF : P (Pg(Rd)) — R using WoW gradient flows

e Application on image datasets

Wasserstein over Wasserstein Space

WoW distance: Let P,Q € P» (772(/\/1))

WWQ(]P)7 Q>2 e %IH%;Q /W2 py V )dF(:uv )

— Riemannian structure

WoW Gradient Descent: [P, = expp, ( — T VWW2F(P/<))

Ty, P(P(RY)) P
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In practice: For M =R P, = %Zle 5#2’”:

Wasserstein Gradient Flows
Clément Bonet*!, Christophe Vauthier*?, Anna Korba®

Minimization of the MMD on PQ(PQ(Rd)>

Goal: minimize IF(IP) = IMMDy (P, @)
JV(u)dB(s), Vi(p) = —J K (s, v)dQ() = 3 JJ K (1, v)dP(p)dP(v)
SW distance: swg(u, V) = fsd_lwg(agu, Pgu)da(e), Pl(x) = (x, 0)
Kernel: K(u,v) = e mWV2tr) (Gaussian) or K (u, v) = —SWa(u, v) (Riesz)
Computational complexity: O(C?Lnlogn)

Vi, F(P)(u")(zf) = nCV; F(x) for x = (x7);.: obtained in closed-form or by

(4

auto-differentiation of F(x) := F(IP)
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Wasserstein over Wasserstein GGradients

For (z,v) € TM, define 7 ((z,v)) = x.
Couplings. For any v € Po(TM), let ¢M () = mily, ¢°P(v) = expy .
expp (Q) = {f c PQ(PQ(TM)) ngF P ¢6Xp = Q,

[[ oll2dv(z, v)dl(y) = Wi, (P, Q)}.

WoW Gradient

Let F : 732(772(/\/1)) — R. [ is WoW differentiable at PP if there exists

Vi, F(P) : Po(M) — TPo(M) s.t. for any Q € 732(772(/\/1)), [ € exppt(Q),

o(Ww,(P,Q)).

P)(my"y)(2), v). dy(w,v)dl(y)

//<VWW2F(

Potentials: V(PP ff VWW V(P) = Vw,F
Interactions: W = ffW (o, v)dP(p)dP(v),
VWWQW(]P) (:u) — f(valW(:u? V) + VW%QW(Ma V)) dIP)(V)
For Ku(u) = K (1) = e 4550, Ty F(B)() = Vi, (1) d(P =~ Q)0),
Vw, Ky (1) = —e “aSWali) foap((, 0))0 do(6), p(u) = u — Fﬁily(FPgu(u))-
Tangent space: T[PPQ(PQ(M)) = {Vw,p, © € Cyl(Pg(./\/l))}
Properties: There is at most one element in JF(P) N TPPQ(PQ(M)). If

§ € OF(P) NTPy(Pa(M)), then  is a strong differential of F at P (i.e. the Taylor

expansion holds for any I' € Ps(Po(TM)) s.t. gbﬁlf = P).

(IP) + W(P) + Cst with V(P) =

Flowing Datasets with Wasserstein over
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Domain Adaptation

Minimize F(P) = :MMD (P, Q) starting from Py (FMNIST or
SVHN) towards Q (MNIST or CIFAR10).

e Pretrain a classifier on Q

e Monitor accuracy of the classifier along the flow

FMNIST to MNIST SVHN to CIFAR10

100 - 100 A
>
© 95 1
= 50 -
O 00 - — MMDSW
< —— OTDD (final)

85 1 1 1 1 1 1 1 1 1 1 1 1

0 5-104 105 1.5-10°2-1052.5-10° 0 5-104 105 1.5-10°2-1052.5-10°
lterations lterations

4

.

iy

"rfl

===y
SSEEN
SOEENE
SRBER

SRR

SNEERE
SlofslEle e
Slolslelel<
fols e[
ofols [
ofols e[ [<
ofole e R [<
ofole e[
ofole e[ [<
ofols e[
ololo el

Applications

Dataset distillation. Synthesize a dataset Q = %zgle Oyen (M0
big) with a dataset P = 55, 0,0+ (k small).

— ming By, [MMD}(¢5°P, ¢7°Q)] with ¢ () = 0§45, A“
a random augmentation, 1Y a randomly initialized neural network.

Evaluation: train a classifier on the new synthetic dataset P

Transfer learning (k-shot learning). Augment a dataset
Q = 55,6, (k small) adding flowed samples starting from
Py = %zf;;l 0,cn a known bigger dataset.

— minp MMD% (P, Q) starting from P = P,

Evaluation: train a classifier on the augmented dataset @

Dataset distillation Transfer learning

Dataset K 0 = A¥ = 1d Baselines Dataset k&  Trainon @ MMDSW OTDD (Hua et al., 2023)
DM MMDSW Random Full data 1 26.045.3 40.5147 30.5442 36.4433
1 61.1165 06.5. 55 55.8490 M to E > 38.9+6.7 61.5446 99.7T118 62.7:11
R D T 10 53.947.0 65.4415 64.041.4 66.2:1 9
MNIST 10 88.2198 93.2.47 022114 09 .4 100 Tllers  T4.740s ) 73,5207
50 959400 97.0+02 97.610.2
1 18.443.1 20.9:20 188421 194419
1 544432  60.0+44 49.0+7 5 Mio K D 259440 374400 313414 39.051
FMNIST 10 74.6:|:1_{] TG.Til.ﬂ 75.3:|:(]_7 92.4 10 309446 447,15 341409 441412

50 81.3:|:[]._5 34.2:&{].1 83.2:“’]_2 100 60.11—1.1 66.Bj:ﬂ.8 66.3:1:0.‘.—'] 624i 1:2




