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Contributions Implementation of the Schemes Mirror Descent Experiments
Goal: min,cp, gy F(u) for F: Po(RY) — R Mirror descent d = 1dg,, by FOC: Vo, (Ti11) = Vo, (Id) — 7V, F (11, Minimization of n interaction energy JF(u) = Ww(,lg with
 Study two optimization schemes of the form For ¢,,(T = [ VoT du=W(Tyu), Try=VV*o (VV = 7Vw,F(iu)) Wi(z) = Jlzlls — QHZZIIZ cand ¢(p) = Wi(p) with Ky'(z) =
. AT 1) 4 (Vo F _— In general Newton method NzllE-, Ky = K2 K3(2) = lzlls + 325, Ky = K
J R ?:;gml)nTng( ) A )+ (VwoF (), T = 1d) 12 Preconditioned gradient descent: s Lo . . y
M1 = UL g1k . eI e 10
* d(T,5) = S—T = [ h((S(z) =T d e SIES I N 7 e
e Provide descent and convergence conditions (T,5) i E( )/T)T / <( (@) (x»/T)T i) o \ s S 'llu h l| 8
o Verification of the benefit on experiments FOC: Ty = Id = 7VA" o Vi, 7 (411 NS % 4
For p = + X" 10y, forall k >0, i € {1,...,n}, 2 = T (2h). N o :

Theory of Mirror Descent in Wasserstein Space Time (- iterations)

13, P2 (Rd) C Lz(ﬂfk)

L1 = 1= TV () Minimization of Hellu
Let 5 >0, 7 < % For any p € Po(R?), let ¢, : L*(u) — R be strictly convex, 02 - \
1 proper and differentiable. Assume ¢,(T) = ¢(Tyu) for ¢ : Po(R?Y) — R. F ) :1V¥(,u >1+ Hiw), 10-6 -
pRy et Define Wo(,v) = inf, e, 6(v) — é(p) = J (Vw01 (). & — y) dy(,y) for Vi{z) = yo" 2"z with o]
Assumptions: Let T)"" = argmingp,, . dg, (T,1d). For all k > 0, o) = J5lllls dpla) (F‘_?))’ 1071 —— FB
| o o d(n) = Vv (1) (PFB), 6 ; .
. 1. F is B-smooth relative to ¢ along ¢ — ((1 — ¢)Id + tTk+1)#uk o(u) = H(p) (NEM). Time (7. Iterations)
Wasserstein Space | | i
2. F is a-convex relative to ¢ along the curves ¢ — ((1 — ¢)Id + ¢T ¢zk )
Wasserstein gradient: For F : Py(RY) — R, ~ € I, (i, v), 3.d%(ng;ﬂ*7 [d) = Wy (", ) and dy, (T% JTra1) > Wo(p*, pgs1) (True e.g. if Preconditioned GD for Single Cells

Fv) = F(p) + / (Vw, F(p)(x),y — ) dy(z,y) + o(Walp, v)) Hks firs1 € Poac(RY) and Vw,d (), Vw,d(piry1) invertibles)

N Minimize F(u) = D(u,v) with pg untreated cells and v
For F : Po(RY) — R, define F,(T) := F(Typ).

Convergence Results perturbed cells. Use h*(x) = (| z|¢ + 1)V — 1 with a €

If F Wo-differentiable, V.F, W(T) = Vw,F(Typ)oT. {1.25,1.5,1.75} which is well suited to minimize functions growing
, > < 1 : ok a/(a—l)o
Examples potentlals Vvlp) =/ Vd,u, interactions Wy () = | ) for all k> 0 Flprrr) < Flw) = *d%(lli;rmﬁ ) i lz = 27|
JIW (= y)du(z)du(y). o H(p) = [ log (p(x))dp() er 1), 2), 3), for all b 2 1, Flur) = Fu') < 5 Wolk', o) W] [P0 S Flu) = ED(.v
VWZVV( ) VV, VWQWW( ) VW*,U, VW2H( ) V log ,Ul . #iters convergence F(fr) A#iters convergence F(ir) #iters convergence
Bregman Divergence and C()nvexity Theory of Preconditioned GD in Wasserstein Space § ;O . O
— S & : |
Bregman divergence: Let ¢, : L*(n) — R, T,S € L*(p), Let 0> 0,7 < }; and T = ArgIMINp ) — dfﬂk(lda T). : Q | - %
dg,(T,S) = ¢u(T) — ¢u(S) — (Vou(S), T —S) 12 Assumptions: For all £ > 0, if | | v L K e Y %
Relative smoothness/convexity along ¢ = p with yi = 1.F convex along ¢ = ((1 = £)Id + ¢Tx11) ypuy [ o O S s oo R .
(Ty)pp, Ty = (1 — t)S +tT for S,T € L (,u) F s ﬁ—SmOOt:Tl 2.d,: (VWQ‘F(IM]C—I—l) OTk+1,VW2f(Hk)) < Bdz (1, Tys1)
(resp. a-convex) relative to G along t — u, if for all s,t € |0, 1], Ci‘k 1T < 4o (Tu F(T . ]f_k o Rows: 2 profiling technologies
i | 3.« T < dgw : o T, Vw, ]
dz (T87Tt) < 6dQM(TS7Tt) (resp. dgz (TS7T75) O‘dgu(T&Tf))' “k( ) < quk( Wl (Tie) W ('uk)) e Points: For treatment 4, z; = (x;, y;) with x; value of
o For F =V, G = Vy: holds provided V' -smooth (resp. F (i) = D(jr,v) (1st subcolumn) or number of iterations to
a-convex) relative to U Convergence Results converge (2nd subcolumn) without preconditioning and g; with

o For F = Wy, G = Wy holds provided W S-smooth (resp.

a-convex) relative to K
o F =V + H l-convex relative to Vy and H

preconditioning

— Points below the diagonal: Preconditioned GD provides
a better minimum or converges faster

ler 1)7 2) Lt 1(VW2F(/L/€+1)) < ¢ZZ (VWQI(Mk)) _ ld 2 (Tk+1> Id)
. 3)

er 1), 2), 3). ¢l (V. Flym) — (0) < 1572(Flpuo) — Flpr)




