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Contributions

Goal: minµ∈P2(Rd) F(µ) for F : P2(Rd) → R
• Study two optimization schemes of the form

Tk+1 = argminT∈L2(µk) d(T, Id) + ⟨∇W2F(µk), T − Id⟩L2(µk)

µk+1 = (Tk+1)#µk

• Provide descent and convergence conditions
• Verification of the benefit on experiments

Wasserstein Space

Wasserstein gradient: For F : P2(Rd) → R, γ ∈ Πo(µ, ν),
F(ν) = F(µ) +

∫
⟨∇W2F(µ)(x), y − x⟩ dγ(x, y) + o

(
W2(µ, ν)

)
For F : P2(Rd) → R, define F̃µ(T) := F(T#µ).
If F W2-differentiable, ∇F̃µ(T) = ∇W2F(T#µ) ◦ T.

Examples: potentials VV (µ) =
∫

V dµ, interactions WW (µ) =∫∫
W (x − y)dµ(x)dµ(y), entropy H(µ) =

∫
log

(
µ(x)

)
dµ(x).

∇W2VV (µ) = ∇V , ∇W2WW (µ) = ∇W ⋆µ, ∇W2H(µ) = ∇ log µ

Bregman Divergence and Convexity

Bregman divergence: Let ϕµ : L2(µ) → R, T, S ∈ L2(µ),
dϕµ

(T, S) = ϕµ(T) − ϕµ(S) − ⟨∇ϕµ(S), T − S⟩L2(µ)

Relative smoothness/convexity along t 7→ µt with µt =
(Tt)#µ, Tt = (1 − t)S + tT for S, T ∈ L2(µ). F is β-smooth
(resp. α-convex) relative to G along t 7→ µt if for all s, t ∈ [0, 1],
dF̃µ

(Ts, Tt) ≤ βdG̃µ
(Ts, Tt) (resp. dF̃µ

(Ts, Tt) ≥ αdG̃µ
(Ts, Tt)).

• For F = VV , G = VU : holds provided V β-smooth (resp.
α-convex) relative to U

• For F = WW , G = WK: holds provided W β-smooth (resp.
α-convex) relative to K

• F = VV + H 1-convex relative to VV and H

Implementation of the Schemes

Mirror descent: d = 1
τdϕµ

, by FOC: ∇ϕµ(Tk+1) = ∇ϕµ(Id) − τ∇W2F(µk)
For ϕµ(T) =

∫
V ◦ T dµ = VV (T#µ), Tk+1 = ∇V ∗ ◦

(
∇V − τ∇W2F(µk)

)
In general: Newton method
Preconditioned gradient descent:

d(T, S) = ϕh
µ

(
(S − T)/τ

)
τ =

∫
h
(
(S(x) − T(x))/τ

)
τ dµ(x)

FOC: Tk+1 = Id − τ∇h∗ ◦ ∇W2F(µk)
For µk = 1

n

∑n
i=1 δxk

i
, for all k ≥ 0, i ∈ {1, . . . , n}, xk+1

i = Tk+1(xk
i ).

Theory of Mirror Descent in Wasserstein Space

Let β > 0, τ ≤ 1
β. For any µ ∈ P2(Rd), let ϕµ : L2(µ) → R be strictly convex,

proper and differentiable. Assume ϕµ(T) = ϕ(T#µ) for ϕ : P2(Rd) → R.
Define Wϕ(µ, ν) = infγ∈Π(µ,ν) ϕ(ν) − ϕ(µ) −

∫
⟨∇W2ϕ(µ)(y), x − y⟩ dγ(x, y).

Assumptions: Let Tµk,µ∗

ϕµk
= argminT,T#µk=µ∗ dϕµk

(T, Id). For all k ≥ 0,

1. F is β-smooth relative to ϕ along t 7→
(
(1 − t)Id + tTk+1

)
#µk

2. F is α-convex relative to ϕ along the curves t 7→
(
(1 − t)Id + tTµk,µ∗

ϕµk
)#µk

3. dϕµk
(Tµk,µ∗

ϕµk
, Id) = Wϕ(µ∗, µk) and dϕµk

(Tµk,µ∗

ϕµk
, Tk+1) ≥ Wϕ(µ∗, µk+1) (True e.g. if

µk, µk+1 ∈ P2,ac(Rd) and ∇W2ϕ(µk), ∇W2ϕ(µk+1) invertibles)

Convergence Results

• Under 1), for all k ≥ 0 F(µk+1) ≤ F(µk) − 1
τdϕµk

(Id, Tk+1)
• Under 1), 2), 3), for all k ≥ 1, F(µk) − F(µ∗) ≤ 1−ατ

kτ Wϕ(µ∗, µ0)

Theory of Preconditioned GD in Wasserstein Space

Let β > 0, τ ≤ 1
β and T̄ = argminT,T#µk=µ∗ dF̃µk

(Id, T̄).
Assumptions: For all k ≥ 0,

1. F convex along t 7→
(
(1 − t)Id + tTk+1

)
#µk

2. dϕh∗
µk

(
∇W2F(µk+1) ◦ Tk+1, ∇W2F(µk)

)
≤ βdF̃µk

(Id, Tk+1)
3. αdF̃µk

(Id, T̄) ≤ dϕh∗
µk

(
∇W2F(T̄#µk) ◦ T̄, ∇W2F(µk)

)

Convergence Results

• Under 1), 2), ϕh∗

µk+1

(
∇W2F(µk+1)

)
≤ ϕh∗

µk

(
∇W2F(µk)

)
− 1

τdF̃µk
(Tk+1, Id)

• Under 1), 2), 3), ϕh∗

µk

(
∇W2F(µk)

)
− h∗(0) ≤ 1−τα

τk

(
F(µ0) − F(µ∗)

)

Mirror Descent Experiments

Minimization of an interaction energy F(µ) = WW (µ) with
W (z) = 1
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Minimization of
F(µ) = VV (µ) + H(µ),

for V (x) = 1
2x

TΣ−1x with
ϕ(µ) =

∫
1
2∥x∥2

2 dµ(x) (FB),
ϕ(µ) = VV (µ) (PFB),
ϕ(µ) = H(µ) (NEM).

Preconditioned GD for Single Cells

Minimize F(µ) = D(µ, ν) with µ0 untreated cells and ν
perturbed cells. Use h∗(x) =

(
∥x∥a

2 + 1)1/a − 1 with a ∈
{1.25, 1.5, 1.75} which is well suited to minimize functions growing
in ∥x − x∗∥a/(a−1).
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• Rows: 2 profiling technologies
• Points: For treatment i, zi = (xi, yi) with xi value of

F(µ̂) = D(µ̂, ν) (1st subcolumn) or number of iterations to
converge (2nd subcolumn) without preconditioning and yi with
preconditioning

→ Points below the diagonal: Preconditioned GD provides
a better minimum or converges faster


