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Optimal Transport

Wasserstein distance. Let (M, d) be a Riemannian manifold, p > 1, u,v €
P,(M), then

Wl(u,v) = inf

yell(p,v)

Loy A y)” dy ().

l «—n

In practice: ji, = X1 0pyy Up = % 10, and we compute WPl ([l D).

Complexity w.r.t number of samples n: O(n’logn)
Wasserstein distance on R. Let p, v € 77( ), p>1,
Won,0) = [ 1B () = B )] d
Complexity w.r.t number of samples n: O(n log n)
Sliced-Wasserstein distance. Let p > 1, u, v € Pp(Rd),
SWE(pu,v) = [ WE(PLu, Piv) dX(6),

where P? : x — (x,0) and # is the push-forward operator
In practice: Monte-Carlo approximation S Wg(u, V) =7 Lyl 1M/p(P# 1, ngu).
Complexity w.r.t number of samples n and projections L: O(Ln(log n + d))

Hyperbolic Spaces

Hyperbolic spaces are Riemannian manifolds of constant negative curvatures.
Different possible parametrizations (up to isometry):

e Lorentz model: L = {(xy,...24) € R, (2, 2)1 = —1, 29 > 0} where for
all 2,y € R (2, 9\ = —xoyg + =L, 2,1, is the Minkowski inner-product.
Geodesic distance on LY Va,y € LY, dp(x,y) = arccosh(—(z, y)1.)

Tangent space at o € L% T, Ld {v c R*™L (v, 2), = 0}
Geodesic line ~g, passing through 2" = (1,0, ...,0) in direction v € T4 N S%

Vt € R, v(t) = cosh(t)z" + sinh(t)v

e Poincaré ball: B = {x € R?, ||z]l, < 1}
ic di d. d _ | lz—yl3
Geodesic distance on BY: Vx,y € BY, dg(z,y) = arccosh (1 | 2(1—H:€||%)<1—||y\|%))
Tangent space at © € B%: T,B¢ = R?
Geodesic line vg passing through 0 in direction o € S
Vt € R, yg(t) = tanh(t/2)v

Contributions

e Sliced-Wasserstein distance intrinsically defined on Hyperbolic spaces

e Comparisons on gradient flows and classification

Geodesic Hyperbolic Sliced-Wasserstein

e Draw a direction of geodesic (v € T4 N ST = S or v € 471

e (Geodesic projection:

vz € LY, PY(x) = argmin dL(WL(t), r) = arctanh ( (. U>L) ,

telR

vV € BY, P(z) = argmin dg(e(t), x) = 2arctanh (s(x)),
teR
h _ 1+II$H5—\/(1+||56||%)2—4<x,@>21 )
where 5(z) = 3.0} {(2.0)0}
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Geodesics

Horospherical Hyperbolic Sliced-Wasserstein

Busemann function associated to a geodesic line +:
e M, B'(z) = lim (d(z,~(t)) — 1)

t—00
_<$7 (9>

On RY, ~(t) = t0 for € ST and B (z) =

Level sets of B7: horospheres which can be seen as generalizations of hyperplanes

e Horospherical projection:
X |0 — x

1 BY(z) = 10g(

Ve € LY, BY(z) =log(—(z, 2"+ v)L), V& €

DODD| DO DO
N——
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Horospherical Hyperbolic Sliced-Wasserstein

Let sy V = Pp(Ld)a laa % = Pp(
HHSW](u,v) =

HHSW?(ji, ) =

WP (Byp, BLv) dA(v)

/Tx()]LdﬁSd
W(BLji, BLi) dA(D).

Gd—1

Properties

o Independent of the model, 7.e. for p > 1, fi, v € Py 3%) denote
p= (Ppor)pft, v = (Pg—1)4v. Then,
HHSW)(u,v) = HHSW](ii,v), GHSW](u,v)=GHSW](f,v).

e Pseudo-distance, sample complexity independent of the dimension

Applications

Gradient Flows.

Target distributions log10(W2((1n, v))
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Classification with prototypes. Denote . . = - 10

(z;,9;); the training set, p,, € S9! a prototype — PeBuse 49281105 5344007 5919205

. ‘ o . d GHSW 53.9711.35 60.64:|:0.87 61.4510.41
associated to the label y;, z; = fo(x;) € B® HISW 2555 60.69 .k 6280 -
[dea: regularize with a mixture of Wrapped Nor-  SWp  53.25.307 59772051 60.3611.

T SWI
mal distribution MW N D.

53.8840.02 00.624039 62.3040.23
Test Accuracy on CIFAR100
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For (w;); ~ MW ND, £(0) =
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