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Probability Distributions
e Data: z1,...,2, € R? +— probability distribution i, = 2 >°
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Probability Distributions
e Data: z1,...,2, € R? +— probability distribution y, = 2 > | 6,

e Goals:

o Compare distributions using some discrepancy D
o Learn distributions by minimizing D (e.g. for generative models)
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Optimal Transport

Kantorovich Problem
Let p,v € Po(R?), ¢: R? x R = R,

OT¢(p,v) = inf /C(I,y) dy(z,y),
YEM(p,v)

O(p,v) = {y € P(R*xR%), VA € B(R?), v(AxR%) = pu(A), v(R*x A) = v(A)}
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Optimal Transport

Woasserstein Distance
Let p,v € Po(R?),

Wier) = ot [ oyl dr(ew)

Properties:
W5 distance

Metrizes the weak convergence

e Riemannian structure

Geodesics between p,v: Vit € [0,1], pp = ((1 —t)w! + t7r2)#7 for v € I, (p, v)

Condition to have a deterministic coupling, i.e. v = (Id, T)4p with Tipp = v
where VA € B(R?), Tuu(A) = n(T~'(A)): Brenier's theorem (Brenier, 1991)

p < Leb = Optimal coupling v* unique and v* = (Id, V) p with ¢ convex



Solving the OT Problem

Let Tlyee s Tpy Yty Yn € Rdu auﬁ € Env n= Z?:l aiéziy v= E?:l ﬂléyll

Wi (p,v) = g min . (C,Pyp with C = (|la; —yj||§)i7j
€R'X", Pl,=a, PT1,=p

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)




Solving the OT Problem
Let @1,...,Tpn, Y1, Un ERL, a, BE X, u="1" @bz, v =21, Biby.,

Wi(p,v) = ., _in (C,P)p with C = (|lz; —y;]13)
PERT ", Pl,=a, PT1,=4

2]

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Sample Complexity (Boissard and Le Gouic, 2014)

For [I,,ll/ € Po(RY), @1,y Ty~ fly Yl e ey Y ~ U, fly = %Z?:l 0, and
A n
Un = 52 e Oy,

E[|Wa(fn, 9n) = Wa(u, v)|] = O(n="%)




Solving the OT Problem

Let Tlyee s Tpy Yty Yn € Rd' aaﬁ € Env n= Z?:l aiéziv v = Zf:‘l:l ﬁz(;ylv

W3 (p,v) = min (€, P)p with C = (|lzi —y;l3)

PeR}*", Pl,=a, PT1,=f J

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Sample Complexity (Boissard and Le Gouic, 2014)

For [I,,ll/ € Po(RY), @1,y Ty~ fly Yl e ey Y ~ U, fly = %Z?Zl 0, and
A n
Un = 52 e Oy,

E[|Wa(fn, 9n) = Wa(u, v)|] = O(n="%)

Proposed solutions:

e Entropic regularization + Sinkhorn (Cuturi, 2013)

e Minibatch estimator (Fatras et al., 2020)

e Sliced-Wasserstein (Rabin et al., 2011; Bonnotte, 2013)



1D OT Problem
Let u, v € Pa(R),

e Cumulative distribution function:
Ve R, Fult) = ()~ oo,t]) = [ 1 we(o) du(o)

e Quantile function:

Yu € [0,1], Fu_l(u) =inf {z €R, F,(z) > u}

1D Wasserstein Distance

v

W2(u,v) = i |F7 () — F )| du = ||t -

Letzq < <@y, Y1 <+ <Y, p= 230 Gy, v=23" 10y,
W22(M7V) = l (w4 _Z/i)2
n

— O(nlogn) .
/36



Sliced-Wasserstein Distance

T

Directions
e Source data
e Target data g

6=100°

S|

Definition (Sliced-Wasserstein (Rabin et al., 2011))
Let p,v € P2(R?),

SW3e.0) = [ WH(Phi Pw) ax6),

where P?(x) = (x,0), A uniform measure on S41.

R




Properties of the Sliced-Wasserstein Distance

Let @1,..., T, Y1, Yn ERL a, BE X, u =1 @bz, v =1, Biby,.

Approximation via Monte-Carlo:

Mm

—=2

SWZL w, v Pe[,uvpzéel/),
[:

01,....00 ~ \.

Properties:

Computational complexity: O(Lnlogn + Lnd)

Sample complexity: independent of the dimension (Nadjahi et al., 2020)
SWy, distance (Bonnotte, 2013)

Topologically equivalent to the Wasserstein distance (Nadjahi et al., 2019), i.e
lim SW3(pn, 1) =0 <= lim W§(pn, ) = 0.

Differentiable, Hilbertian
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Riemannian Manifolds in Machine Learning

Data often lie on manifolds or have an underlying structure which can be captured
on manifolds.

e Directional data, Earth data, cyclic data on the sphere Sd—1
e Hierarchical data (trees, graphs, words, images) on Hyperbolic spaces

e M/EEG data on the space of Symmetric Positive Definite Matrices (SPDs)

Source: ESA



Riemannian Manifolds

Definition

A Riemannian manifold (M, g) of dimension d is a space that behaves locally as a
linear space diffeomorphic to RY.

Properties:

e To any x € M, associate a tangent space T, M with a smooth inner product
(Ve TeM X TyM — R

e Geodesic between x and y: shortest path minimizing the length £

e Geodesic distance: d(z,y) = igf L(7)

e Exponential map: Vz € M, exp, : T, M — M

.M ~



Cartan-Hadamard Manifolds

Particular case of Riemannian manifold: Cartan-Hadamard manifolds (M, g)
Definition: Non-positive curvature, complete and connected

Properties:

¢ Geodesically complete: Any geodesic v : [0,1] — M between z € M and y € M
can be extended to R

For any x € M, exp,, : T M — M diffeomorphism

Euclidean spaces

Hyperbolic spaces (Nickel and Kiela, 2017, 2018; Khrulkov et al., 2020)

SPDs endowed with specific metrics (Sabbagh et al., 2019, 2020; Pennec, 2020)
Product of Cartan-Hadamard manifolds (Gu et al., 2019; Skopek et al., 2019)




Hyperbolic Space

Hyperbolic space: Riemannian manifold of constant negative curvature

Different isometric models:

e Lorentz model LY = {(zo,...,zq) € R, (z,2) = —1, 29 > 0},
d
di(x,y) = arccosh (= (z,y)1), (z,y)L = —xoyo + inyi
i=1

e Poincaré ball B = {z € RY, |z|» < 1},

dg(z,y) = arccosh (1 ) = —yll3 )
’ 0= T2 131 - [wI3)

11/36



Optimal Transport on Riemannian Manifolds

Let (M, g) be a Riemannian manifold, d its geodesic distance.

Definition (Wasserstein distance)
Let pu,v € Py(M), then

W)= ot [ de,) dr(en)

In practice: same drawbacks of the Euclidean case.

12/36



SW on Cartan-Hadamard Manifolds

Goal: defining SW discrepancy on Cartan-Hadamard manifolds taking care of
geometry of the manifold

SW CHSW
Closed-form of W Line ?
Projection PY(z) = (z,0) ?
Integration gd-1 ?




Projecting on Geodesics

e Generalization of straight lines on manifolds: geodesics
Yo € T,M, G, = {exp,(tv), t € R}

e Geodesics isometric to R
e Integrate along all possible directions on S, = {v € T,M, ||v|, =1}

14/36



Projections

1. Geodesic projections:
o On Euclidean space: For 6 € S47*, Go = {t0, t € R},

Ve € RY, P%(x) = (x,0) = argmin ||z — 16|
terR

o On Cartan-Hadamard manifold: For v € T,M, G, = {exp,(tv), t € R},

Vo € M, P’(x) = argmin d(x,exp,(tv))

teR




Projections

1. Geodesic projections:
o On Euclidean space: For 6 € S, Go = {6, t € R}, exp,(tf) = 0+ t6 = 16,

vz € RY, P%(z) = (x,0) = argmin ||z — t0]|2 = argmin d(z, expy (t9))
ter terR

o On Cartan-Hadamard manifold: For v € T,M, G, = {exp,(tv), t € R},
Vo € M, P’(x) = argmin d(z,exp,(tv))
ter




Projections
1. Geodesic projections: Vz € M, P¥(z) = argmin d(z,exp,(tv))
ter

2. Horospherical projections: following level sets of the Busemann function
) = T _
BY(w) = Jim d(z,7(1)) ~1

o On Euclidean space: B%(z) = —(z,6)
o On Cartan-Hadamard manifold: B*(z) = tlim d(z, exp,(tv)) —t
— 00




Cartan-Hadamard Sliced-Wassertein

Let (M, g) a Hadamard manifold with o its origin. Denote A the uniform
distribution on S, = {v € T,M, |jv||, = 1}.

Geodesic-Cartan Hadamard Sliced-Wasserstein

Y, v € Po(M), GCHSW2(u, ) = / W3 (Pyp, Phv) dA(v)
So

Horospherical-Cartan Hadamard Sliced-Wasserstein

Y, v € Po(M), HCHSW3(u,v) = / W3 (B, Byr) dA(v)
So

CHSW = GCHSW or HCHSW



General Properties
Some properties:

Pseudo distance on P3(M) — open question: distance?
Vluv Ve PQ(M)v CHSW%(IUH V) < W22(ua V)
e Sample complexity independent of the dimension

e Computational complexity: L - O(sort(n)) + Ln- O(projection(d))
e CHSW, is Hilbertian

Proposition

Define K : Po(M) x Pa(M) — R as K(p,v) = exp ( — yCHSW3 (i, v)) for
v > 0. Then K is a positive definite kernel.

Proposition

Let j1,v € Po(B?) and denote ji = (Ps— )4, 7 = (Ps_L)4Vv. Then,
HHSW3(u, v) = HHSW3 (i, 7),
GHSW2(u,v) = GHSW2(j1, D).

R EEEEEE————rE




Runtime and Complexity (Bonet et al., 2023c)

Closed-forms for P¥ and B* on B? and L¢:

Vo e T,oldnsd, zeld, Vo e 891 ¢y e BY,
P?(x) = arctanh | — (2, v} P?(y) = 2arctanh (s(y))
{2000 ; [5—yl
v 0 B"(y) = log (“—yg)
B'(z) = log (— (,2" + o)) 1 lyl3
—— GHSW,, L=200 —— Wasserstein
Method Complexity _ Z.’,-Ivjviz;;zgoo T Sk
Wasserstein + LP  O(n®logn + n?d) 10
Sinkhorn O(n?d) PRRUE
SwW O(Ln(d + logn)) § 101
GHSW O(Ln(d+logn)) &7 J
HHSW O(Ln(d+ logn)) 1079 i I |
102 103 104 10°

Number of samples in each distribution



Comparison of the Projections

e Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection

19/36



Comparison of the Projections

e Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection

e Let u=WND(0, ), v = WND(z4, 1),

5
1004 — HAsw3 |, | — GHsw3
75 1 — swi3 3 —— swp3
50 —w 5 — W
25 1 1]
0 0

-5.0 -25
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Pullback Euclidean Manifold

Let (N, (-,-)) an Euclidean space, ¢ : M — N a diffeomorphism.

e (M, g?) Riemannian manifold with g% (u,v) = (¢x (1), s . (v)) for x € M,
u,v € T M

e Geodesic distance: da(x,y) = [|d(x) — o (y)||
e Geodesic through o € M with direction v € T, M:

VEER, 7,(t) = ¢ (4(0) + teuo(v))

Proposition

Letve S, = {v e TyM, ||[v]lo = ||¢«o(v)|| = 1}, then the projection coordinate
on G, = {v(t), teR} is

Ve e M, P'(z) = —=B"(z) = (¢(z) — ¢(0), $+.0(v))-




Pullback SW
Let (M, g?) a Pullback Euclidean Manifold.

Proposition
Let p1,v € Po(M). Then,

CHSW3(u, v) = j W3 (Q%bpi, Qudpr) d((hx,0) wN)(v)
(o)

= SW3(ppp, puv)

with Q¥(x) = (z,v) and SWy the Euclidean Sliced-Wasserstein distance.

Additional Properties:

e CHSW, is a finite distance on Py (M)
e CHSW; metrizes the weak convergence
e For u,v € P(B(o,r)),

CHSW3(u, v) < Wi(p,v) < Cq,,CHSWy(p, u)ﬁ

21/36



Examples

e Mahalanobis distance: (u,v), = uT Av for A € S (R)
e Squared geodesic distance where (u,v), = uT A(x)v for A(z) € STT(R)
e SPD with (O(n)-Invariant) Log-Euclidean metric, Log-Cholesky metric

Mahalanobis distance: Let A € S (R),

Va,y € RY, d(z,y)? = (z — y)TA(z —y) = |AZz — Azy|3

o $(x) = Az, ¢, 0(v) = A3v
o Forve Sy={veR? |[v||2=0vTAv=1}, P'(z) = (Azz, A2v) = 2T Av

SW3 4(u,v) = i W3 (Pyp, Pyv) dA(v)



Document Classification (Kusner et al., 2015)

Goal: Classify documents

Goodreads

I
n
L

e Words z1,...,z, € R?

e Document Dy = >"""  wkd,, with >0 wk =1
Learn A (Huang et al., 2016)

Compute (dA(Dk’Dé))k’g

Use a k-nearest neighbor classifier

™
o
.

[ ]
Runtime (s)
= I
5

[ ]
e
n

L

¢

Accuracy

BBCSport Movies Goodreads genre Goodreads like

Wy 94.55 74.44 56.18 71.00

Wy 98.36 76.04 56.81 68.37

SWy  89.424089 67.27+0.69 50.0141.21 65.904+0.17
SWy 4 97.5840.04 76.5540.11 57.03+0.68 67.5410.14




Manifold of SPD Matrices with Affine-Invariant Metric

Symmetric Positive Definite (SPD) Matrices:

STT(R) = {M € S4(R), Yz € R*\ {0}, 2" Mz > 0}

* Affine-lnvariant distance: VX, Y € S§(R), dar(X,Y) =/ Tr(log(X~1Y)?)

e Tangent space: 17,57 " (R) = S4(R)
e Geodesics through I;: G4 = {exp(tA), t € R} for A € S4(R)

24/36



Manifold of SPD Matrices with Affine-Invariant Metric

Symmetric Positive Definite (SPD) Matrices:

STT(R) = {M € S4(R), Yz € R*\ {0}, 2" Mz > 0}

* Affine-lnvariant distance: VX, Y € S§(R), dar(X,Y) =/ Tr(log(X~1Y)?)
e Tangent space: 17,57 " (R) = S4(R)
e Geodesics through I;: G4 = {exp(tA), t € R} for A € S4(R)

Projections:
e Closed-form for the geodesic projection?

e Busemann function:
VM € S;T(R), BA(M) = —(A,log (ra(M)))F,

with 74 projection on the space of matrices commuting with A.
— Very costly in practice

24/36



Manifold of SPD Matrices with Log-Euclidean Metric

Symmetric Positive Definite (SPD) Matrices:

STT(R) = {M € S4(R), Yz € R\ {0}, 2" Mz > 0}

e Log-Euclidean distance: VX,Y € ST*(R), drp(X,Y) = |log X —logY|r
e Tangent space: 17,57 T (R) = S4(R)
e Projection on geodesics G4 = {exp(tA), t € R} for A € Sy,:

VM € STH(R), PA(M)=—-BA(M) = (A, logM)p

Random geodesics Geodesic projections

25/36



M/EEG data

M/EEG data:

e Recorded from the brain

e Multivariate time series X € RV*T
e Transform X into SPDs

— Brain-Age prediction

Data X with T time samples SPD matrix
ﬁz



M/EEG data

M/EEG data:

e Recorded from the brain

e Multivariate time series X € RV*T

e Transform X into distribution of SPDs

— Brain-Age prediction

»§§ z = A ok A %
0o ——\rl—-—m—ﬁk—v——vl—-'\/v—q
-0.5
0 | S T
-0.5
0.5
0.0 ——\r*-v-—'\;r“—v*"—’\/——-h—‘\/‘vs—'—* \
-0.5 L4
0.5
RS . Y i AN i
0.5
sl ]
-0.5
pE===—
Data X with T" time samples Distribution of SPD matrices



Brain-Age Prediction

Filterbank-riemann (Sabbagh et al. 2019) — ¢ - [)
Filterbank-riemann kernel — ¢ = ¢
logSW kernel — X 4 s e
SPDSW kernel — X - [y =0
T T T T 1 I T T 1
6.4 6.6 6.8 7.0 7.2 0.74 0.76 0.78 0.80
Average MAE Average R2

Positive definite Gaussian Kernel with SPDSW

K(p,v) = e 1SPDSW3(r) — o=l 2() =23,

Known feature map @, no need for expensive quadratic computations

— Kernel Ridge regression



SPD Matrices with Other Metrics

Other Pullback-Euclidean metrics over SPDs:

e O(n)-Invariant Log-Euclidean metric (Thanwerdas and Pennec, 2023):
o VX € S;T(R), ¢"%(X) = F™(log(X)) with, for A € S4(R),

FP9(A) = gA + p%qu)Jd
o VX € SJT(R), PA(X) = (F"(log(X)), F*(A))p.
e Log-Cholesky metric (Lin, 2019):
o VX =LL" € SI*(R), ¢(X) = L] + log (diag(L))
o VX = LLT € S;*(R), PA(X) = (LL], LA]) + (log (diag(L)), 3diag(A))F.

e Adaptative Log-Euclidean metric (Chen et al., 2023):
o VX € STT(R), ¢(X) = log,(X) with a = (a1,...,aq) € RE\{(1,...,1)}



Product of Manifolds
Let ((M;,g:));_, n Hadamard manifolds.

Product Manifold:
M=M;x---xM,
Forz = (z1,...,2,) € M, g(x) = Y i, gi(x;)
T M=T, My x---xT, M
Geodesic distance: Vz,y € M, d(z,y)* = > i, d(zi, y:)?

Vt €R, Y(t) = (exp,, (tv1), ..., exp, (tvn))

Projections:

e Closed-form for the geodesic projection?

e Busemann function: For (\;)I_; such that >_"" , A\? =1 and
vt (A1), - (Ant)),

BY(z) =Y \iBY(x)).

Geodesic passing through o = (01, ...,0,) in direction v = (vy,...

,Up) € ToM:
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Gradient Flows

Goal: i F(p) for F : Po(RY) = R.
oal: win () for 2(RY)

o F(u) = KL(u||v) for sampling from v oc e~V (®)
e F(u) = D(u,v) for sampling from v

Definition (Gradient Flow)

A gradient flow is a curve p : [0, 7] — P2(R?) which decreases as much as possible
along the functional F.

v




Gradient Flows

Goal: i F(p) for F : Po(RY) = R.
oal: win () for 2(RY)

F(p) = KL(p||v) for sampling from v oc e~V (@)
F(p) = D(u,v) for sampling from v

Definition (Gradient Flow)

A gradient flow is a curve p : [0, T] — P2(R%) which decreases as much as possible
along the functional F.

For F : R? — R differentiable:

k=0 N
e Need to solve . —descont | |20
15
F(0) = —VF(2()) i
z(0) =
. 5
e Or approximate it by a time discretization
e Gradient descent/Proximal point algorithm From (Bach, 2020)

30/36



Wasserstein Gradient Flows
Goal: mlzn : F(u) for F : Po(RY) — R.

HEP2 R4

Wasserstein Gradient Flows

Wasserstein gradient flows of F: curve t — p; satisfying (weakly)
Oepr — div(peVw, F(pr)) =0,

where for all £ € L?(p),

F(d-+ €)n) = () + ¢ [ (T, F(1)(@), (o) du(o) + ofe).

e Approximated with the forward Euler scheme as:
Vk >0, per1 = (Id = 7Vw, F(pr)) yhir = exprq (= 7Vw, F k) fin

e Particle approximation: i} = 1 Zz N z

Vk > 0,i€{1,...,n}, ¥t = expyr (= 7Vu F(4f)(zF))

Bl 7
31/36



Woasserstein Gradient of CHSW
Let F(u) = 2CHSW3(u, v) for p1,v € Pa(M).

Wasserstein gradient of F

For all z € M,

Vi F(1)(@) = /S 1 (P () grad o P* (z) dA(v),

with 1), the Kantorovich potential between P, and Pjv:

Vs € R, w(s) = s — Fpl, (Fpy(s)).

e Continuity equation:
Opp + div(psvy) =0 with vy = —/ ¥, (PY(z))grad \ P (x) dA(v)
So

e Algorithm: For all K >0, € {1,...,n},

xiﬂ-l = eXpgk (Tf/k(xf)) with  Op(z) = —= wa & PW gradMP”’f( ).



Wasserstein Gradient of SW
Let F(u) = 2SW3(u,v) for p,v € Pa(RY).

Wasserstein gradient of F (Bonnotte, 2013; Liutkus et al., 2019)
For 6 € S9=1, P%(z) = (x,0), gradP?(z) = VPY(x) = 0. For all x € RY,

Vi F (o) = [ 5(P(a)0 axe)

with 1 the Kantorovich potential between Pfu and Pjv:

Vs € R, U() = 5 — Fpd, (Fpg,(s)).

e Continuity equation:
Oppee + div(pevy) =0 with v = —/ Yy ((0,2))0 dA(6)
gd—1

e Algorithm (SWF): For all k >0, i € {1,...,n},

k 1_
y LZ% (00, %))



Application to Mahalanobis Space

On Mahalanobis manifold:
e exp,(v)=xz+v

o PU(x) =aT Av

e grad, P'(z) =v

Algorithm: Vk >0, i € {1,...,n}, o} ™' =2F - 7 ZeL=1 ! (oF Az,

i v,k

SWEF in the space (R da,) with A; interpolating between I and A € ST (R)

t=0.0 t=0.33 t=0.67 t=1.0
6 / F
2l
5]
! /
-2 T 3 T T T T 3 T T T T 3 T T T
-2 0 2 4 6 -2 0 2 4 6 -2 0 2 4 6 -2 0 2 4




Application to Hyperbolic Space

On Lorentz model:

o Vz e L veT,Le, exp,(v) = cosh(t||v]|L )xﬂinh(tllvﬂdm
z,2°) v—(z,v) z°
* P(2) = arctanh (—{23t ), grad, P?(z) = — 52 kel

e BY(z) =log (— (z,2° 4+ v)L), grad B"(z) = (96# +x

z,294v)L

Algorithm: Vk > 0, zF+1 = expyk ( TS P, k(P (x))) grad PY (mf))

Target distributions 10g19(W (fin, v)) Target distributions 10g10 (W3 (fin, v))
—— GHSW

—— HHSW
—— SW on Poincaré

02 50 75 100 125 150 175 200 0 50 100 150 200 250 300



Application to Hyperbolic Space

On Lorentz model:

o Vz e Ll veT,LY expx( ) = cosh(t||vH Ja + sinh(t||vl|L) e
o P'(zx) = arctanh( <m zo ) grad, P’(x) = —<w<’§ox>é‘>v2__<av,}>"f0
»TU)L UL

e BY(z) =log (— (z,2° + v)L), grad B"(x >= e

(z,20+v)L

Algorithm: Vk > 0, zF+1 = exp,k ( Z@ 1V, w (Pt (zF))grad, Pve (a:f))

GHSwW

.8
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Conclusion

Conclusion
e SW discrepancies on Cartan-Hadamard manifolds
e Can be applied to ML tasks on different manifolds

e Wasserstein gradient flows to minimize CHSW

Perspectives and follow-up works:

e Study other Riemannian manifolds: Sphere (Bonet et al., 2023b; Quellmalz
et al., 2023)

e Extension to unbalanced setting (Séjourné et al., 2023)
e Study statistical properties
e Study convergence of the gradient flows



Conclusion

Conclusion
e SW discrepancies on Cartan-Hadamard manifolds
e Can be applied to ML tasks on different manifolds

e Wasserstein gradient flows to minimize CHSW

Perspectives and follow-up works:

e Study other Riemannian manifolds: Sphere (Bonet et al., 2023b; Quellmalz
et al., 2023)

e Extension to unbalanced setting (Séjourné et al., 2023)
e Study statistical properties
e Study convergence of the gradient flows

Thank you!
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Domain Adaptation in BCI

Learning a map fy between a source p
and a target v

min SPDSW3 ((fo) 4 v)

Minimizing over the particles

zi)iy

min  SPDSW3 %Z(sm,y
i=1

s Source
Target
Aligned

Subjects Source AISOTDA SPDSW  LogSW LEW  LES SPDSW  LogSW LEW  LES
(Yair et al., 2019) Transformations in S " (R) Descent over particles

1 8221 80.90 84.70 84.48 8434 84.70 85.20 85.20 77.94 82.92

3 79.85 87.86 85.57 84.10 85.71 86.08 87.11 86.37 8242 81.47

7 72.20 82.29 81.01 76.32 81.23 81.23 81.81 81.73 79.06 73.29

8 79.34 83.25 83.54 81.03 82.29 83.03 84.13 83.32 80.07 85.02

9 75.76 80.25 77.35 77.88 77.65 77.65 80.30 79.02 76.14 70.45

Avg. acc. 77.87 82.93 82.43 80.76 82.24 82.54 83.71 83.12 79.13 78.63
Avg. time (s) - - 4.34 432 1141 12.04 3.68 3.67 850 11.43




Dataset Comparisons (Alvarez-Melis and Fusi, 2020)

e Consider datasets as feature-label pairs

e Embed labels in Hdv

e Dataset: Distribution in R% x Hds

MNIST  EMNIST FashionMNIST KMNIST

MNIST 0.27£0.02 | 0.44+0.02 |0R24=0108

SIS 0:27:£0.02 . ).4320.02 RSSO0 0.47+0.03
FashionMNIST [[UEEEDNPRNEES . 0.29+0.01 .
[QUNSY 0.240.01 0.22£0.01 | 0.29+0.01 .0.24zo.01
U5 0.38+0.02 0.47+0.0. . 0.24+0.01 .

For 10* samples, 0.05s vs 120s.

MNIST

EMNIST

FashionMNIST

KMNIST

MNIST  EMNIST FashionMNIST KMNIST USPS

0.4+0.02

0.36+0.02 0.34£0.02

0.4%0.02 0.360.02 0.24+0.01

0.29+0.02 0.34:0.02

Product HCHSW
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