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Machine Learning
Goal: learn a model from data

Example
• Classification

From (Goyal, 2018)

• Generative model (images, text...)

Samples from Stable Diffusion (Rombach et al., 2022)
1/34

1/34



Probability Distributions and Generative Modeling
• Data: x1, . . . , xn ∈ Rd ←→ probability distribution µn = 1

n

∑n
i=1 δxi
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Probability Distributions and Generative Modeling
• Data: x1, . . . , xn ∈ Rd ←→ probability distribution µn = 1

n

∑n
i=1 δxi

• Generative modeling:
◦ Access to samples x1, . . . , xn ∼ ν, ν unknown
◦ Goal: sample from ν
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Probability Distributions and Generative Modeling
• Data: x1, . . . , xn ∈ Rd ←→ probability distribution µn = 1

n

∑n
i=1 δxi

• Goals:
◦ Compare distributions using some discrepancy D
◦ Learn/move distributions by minimizing some criterion D (e.g. for generative models)
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Optimal Transport
Optimal Transport methods

• Compare probability distributions
• Leverage the geometry of the underlying space X
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Optimal Transport
Optimal Transport methods

• Compare probability distributions
• Leverage the geometry of the underlying space X
• Very popular in Machine Learning (Peyré et al., 2019)
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The Monge Problem (1781)
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The Monge Problem (1781)

For µn = 1
n

∑n
i=1 δxi , νn = 1

n

∑n
i=1 δyi ,

Mc(µn, νn) = inf
σ∈Sn

1

n

n∑
i=1

c(xi, yσ(i))

= inf
1
n

∑n
i=1 δT (xi)

= 1
n

∑n
i=1 δyi

1

n

n∑
i=1

c
(
xi, T (xi)

)
,

with T : {x1, . . . , xn} → {y1, . . . , yn} bijection.
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The Monge Problem (1781)

Monge Problem (Monge, 1781)

Let µ, ν ∈ P(Rd), c : Rd × Rd → R,

Mc(µ, ν) = inf
T#µ=ν

∫
c
(
x, T (x)

)
dµ(x),

where T : Rd → Rd and T#µ = µ ◦ T−1.

If T#µ = ν, then X ∼ µ =⇒ T (X) ∼ ν.

OT map T
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The Monge Problem (1781)

Monge problem: hard to solve

Constraints T#µ = ν hard to satisfy:

• Might be empty, e.g. with µ = δx, ν = 1
2δy1

+ 1
2δy2

• Or optimal T might be not unique

→ Kantorovich problem
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The Kantorovich Problem

Kantorovich Problem

Let µ, ν ∈ P2(Rd), c : Rd × Rd → R,

OTc(µ, ν) = inf
γ∈Π(µ,ν)

∫
c(x, y) dγ(x, y),

Π(µ, ν) =
{
γ ∈ P(Rd×Rd), ∀A ∈ B(Rd), γ(A×Rd) = µ(A), γ(Rd×A) = ν(A)

}

• Is always well defined (as µ⊗ ν ∈ Π(µ, ν))

• γ = (Id, T )#µ ∈ Π(µ, ν) =⇒ OTc(µ, ν) ≤ Mc(µ, ν)

• OTc(µ, ν) = Mc(µ, ν) whenever OT maps exist (e.g. between µn = νn)
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Influence of the cost

Different costs =⇒ different optimal couplings
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The Wasserstein Distance

Wasserstein Distance

Let µ, ν ∈ P2(Rd), c(x, y) = ∥x− y∥22 for all x, y ∈ Rd,

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y)

Properties:

• W2 distance

• W2(δx, δy) = ∥x− y∥2
• (P2(Rd),W2) has a Riemannian structure

Condition to have a deterministic coupling, i.e. γ = (Id, T )#µ with T#µ = ν
where ∀A ∈ B(Rd), T#µ(A) = µ

(
T−1(A)

)
: Brenier’s theorem (Brenier, 1991)

µ≪ Leb =⇒ Optimal coupling γ∗ unique and γ∗ = (Id,∇φ)#µ with φ convex
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Solving the OT Problem
Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =

∑n
i=1 αiδxi

, ν =
∑n

i=1 βiδyi
,

W2
2(µ, ν) = min

P∈Rn×n
+ , P1n=α, PT 1n=β

⟨C,P ⟩F with C =
(
∥xi − yj∥22

)
i,j

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3 log n)
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Solving the OT Problem
Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =

∑n
i=1 αiδxi

, ν =
∑n

i=1 βiδyi
,

W2
2(µ, ν) = min

P∈Rn×n
+ , P1n=α, PT 1n=β

⟨C,P ⟩F with C =
(
∥xi − yj∥22

)
i,j

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3 log n)

Implemented efficiently e.g. in POT (Flamary et al., 2021) but still costly
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Solving the OT Problem
Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =

∑n
i=1 αiδxi

, ν =
∑n

i=1 βiδyi
,

W2
2(µ, ν) = min

P∈Rn×n
+ , P1n=α, PT 1n=β

⟨C,P ⟩F with C =
(
∥xi − yj∥22

)
i,j

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3 log n)

Sample Complexity (Boissard and Le Gouic, 2014)

For µ, ν ∈ P2(Rd), x1, . . . , xn ∼ µ, y1, . . . , yn ∼ ν, µ̂n = 1
n

∑n
i=1 δxi

and
ν̂n = 1

n

∑n
i=1 δyi ,

E
[
|W2(µ̂n, ν̂n)−W2(µ, ν)|

]
= O(n−1/d)

→ curse of dimensionality
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Minibatch OT (Fatras et al., 2021)

MBOTK(µ, ν) = EX∼µ⊗K ,Y∼ν⊗K

[
OTc

(
1

K

K∑
k=1

δxk
,
1

K

K∑
k=1

δyk

)]

≈ 1

L

L∑
ℓ=1

OTc

(
1

K

K∑
k=1

δ
x
(ℓ)
k

,
1

K

K∑
k=1

δyℓ
k

)
,

where X = (x1, . . . , xK), Y = (y1, . . . , yK).

Properties: Computational complexity in O(LK3 logK), OT plans less sparse
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Figure from (Montesuma et al., 2024)
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Entropic Regularization (Cuturi, 2013)
Let µ, ν ∈ P2(Rd),

OTc,ε(µ, ν) = inf
γ∈Π(µ,ν)

∫
c(x, y) dγ(x, y) + εH(γ)

where H(γ) =
∫
log
(
γ(x, y)

)
dγ(x, y) is the negative entropy.

Properties:

• Smooth and strictly convex problem → unique solution

• Solved in O(n2 log n/ε) with the Sinkhorn algorithm

• Converge to OTc(µ, ν) as ε→ 0

• Lose sparsity of the coupling

OTc OTc,ε, ε = 0.1 OTc,ε ε = 1

13/34

13/34



1D OT Problem
Let µ, ν ∈ P2(R),

• Cumulative distribution function:

∀t ∈ R, Fµ(t) = µ
(
]−∞, t]

)
=

∫
1]−∞,t](x) dµ(x)

• Quantile function:

∀u ∈ [0, 1], F−1
µ (u) = inf

{
x ∈ R, Fµ(x) ≥ u

}
1D Wasserstein Distance

W2
2(µ, ν) =

∫ 1

0

∣∣F−1
µ (u)− F−1

ν (u)
∣∣2 du =

∥∥F−1
µ − F−1

ν

∥∥2
L2([0,1])

Let x1 < · · · < xn, y1 < · · · < yn, µ = 1
n

∑n
i=1 δxi , ν = 1

n

∑n
i=1 δyi ,

W2
2(µ, ν) =

1

n

n∑
i=1

(xi − yi)
2

→ O(n log n)
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Sliced-Wasserstein Distance

Directions
Source data
Target data =

40
o

=
10

0o
=

16
0o

Definition (Sliced-Wasserstein (Rabin et al., 2011))

Let µ, ν ∈ P2(Rd),

SW2
2(µ, ν) =

∫
Sd−1

W2
2(P

θ
#µ, P

θ
#ν) dλ(θ),

where P θ(x) = ⟨x, θ⟩, λ uniform measure on Sd−1.
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Properties of the Sliced-Wasserstein Distance

Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =
∑n

i=1 αiδxi
, ν =

∑n
i=1 βiδyi

.

Approximation via Monte-Carlo:

ŜW
2

2,L(µ, ν) =
1

L

L∑
ℓ=1

W2
2(P

θℓ
# µ, P θℓ

# ν),

θ1, . . . , θL ∼ λ.

Properties:

• Computational complexity: O(Ln log n+ Lnd)

• Sample complexity: independent of the dimension (Nadjahi et al., 2020)

• SW2 distance (Bonnotte, 2013)

• Topologically equivalent to the Wasserstein distance (Nadjahi et al., 2019), i.e.
lim
n→∞

SW2
2(µn, µ) = 0 ⇐⇒ lim

n→∞
W2

2(µn, µ) = 0.
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Summary

• Couplings between measures

• Distance

• Takes into account the geometry of the underlying space

• Costly to compute

• Curse of dimensionality

• Alternatives/approximations come with pro and cons

→ many variants to alleviate the cons
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Extensions
Problems not solved by the OT problem in its original formulation:
• Outliers → Unbalanced and Partial OT (Séjourné et al., 2023)

• Comparing positive measures → Unbalanced and Partial OT
• Comparing distributions on incomparable spaces → Gromov-Wasserstein

From (Séjourné et al., 2023)
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Extensions
Problems not solved by the OT problem in its original formulation:
• Outliers → Unbalanced and Partial OT (Séjourné et al., 2023)
• Comparing positive measures → Unbalanced and Partial OT
• Comparing distributions on incomparable spaces → Gromov-Wasserstein

From (Vayer, 2020)
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Applications of OT in ML

Wide range of applications:

• Supervised learning (Frogner et al., 2015)

• Domain Adaptation (Courty et al., 2016)

• Generative Modeling (Arjovsky et al., 2017)

• Biology (Schiebinger et al., 2019)

• Neuroscience (Bonet et al., 2023)

• Transformers (Sander et al., 2022)

Wide range of data types:

• Images

• Datasets (Alvarez-Melis and Fusi, 2020)

• Documents (Kusner et al., 2015)

• Genes (Bellazzi et al., 2021)

• Graphs (Vayer et al., 2019)
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Domain Adaptation with Optimal TransportDataset 

Class 1Class 2Samples Samples Classifier on 

Optimal transport 

Samples Samples 

Classification on transported samples

Samples Samples Classifier on 
From (Courty et al., 2016)

• Labeled source dataset Ωs = (xs
i , y

s
i )i, µs =

1
n

∑n
i=1 δxs

i

• Unlabeled target dataset Ωt = (xt
j)j , µt =

1
m

∑m
j=1 δxt

j

Solution from (Courty et al., 2016):

1. Find the OT plan γ ∈ argminγ∈Π(µs,µt)

∫
∥x− y∥22 dγ(x, y)

2. Define a barycentric map: Tγ(x
s
i ) = argminx

∑m
j=1 ∥x− xt

j∥22γij
3. Train a classifier on (Tγ(x

s
i ), y

s
i )i
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Domain Adaptation with Optimal TransportDataset 

Class 1Class 2Samples Samples Classifier on 

Optimal transport 

Samples Samples 

Classification on transported samples

Samples Samples Classifier on 
From (Courty et al., 2016)

• Labeled source dataset Ωs = (xs
i , y

s
i )i, µs =

1
n

∑n
i=1 δxs

i

• Unlabeled target dataset Ωt = (xt
j)j , µt =

1
m

∑m
j=1 δxt

j

Solution from (Courty et al., 2016):

1. Find the OT plan γ ∈ argminγ∈Π(µs,µt)

∫
∥x− y∥22 dγ(x, y) +Rc(γ)

2. Define a barycentric map: Tγ(x
s
i ) = argminx

∑m
j=1 ∥x− xt

j∥22γij
3. Train a classifier on (Tγ(x

s
i ), y

s
i )i
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DeepJDOT

g

g

+

+

From (Damodaran et al., 2018)

Idea: Learn suitable embedding, and align joint distribution of features and labels.
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Generative Modeling
Setting:
• ν ∈ P2(X): Target measure (e.g. distribution of images)
• PZ a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z→ X such that g#PZ ≈ ν.

Remark: For Z = X = Rd and PZ ≪ Leb, such a g exists by Brenier’s theorem.

Solutions:

• Solve ming D(g#PZ , ν) for D a divergence (GANs, VAEs, NFs...)
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• ν ∈ P2(X): Target measure (e.g. distribution of images)
• PZ a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z→ X such that g#PZ ≈ ν.

Remark: For Z = X = Rd and PZ ≪ Leb, such a g exists by Brenier’s theorem.

Solutions:

• Solve ming D(g#PZ , ν) for D a divergence (GANs, VAEs, NFs...)

• Learn the OT map, i.e.

g ∈ argmin
T, T#PZ=ν

∫
∥T (z)− z∥22 dPZ(z)

→ difficulties: enforce T#PZ = ν, only access to samples from ν
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Generative Modeling
Setting:
• ν ∈ P2(X): Target measure (e.g. distribution of images)
• PZ a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z→ X such that g#PZ ≈ ν.

Remark: For Z = X = Rd and PZ ≪ Leb, such a g exists by Brenier’s theorem.

Solutions:

• Solve ming D(g#PZ , ν) for D a divergence (GANs, VAEs, NFs...)

• Learn the OT map, i.e.

g ∈ argmin
T, T#PZ=ν

∫
∥T (z)− z∥22 dPZ(z)

→ difficulties: enforce T#PZ = ν, only access to samples from ν

• Learn a trajectory going from PZ to ν (Diffusion, Flow Matching...)
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Wasserstein GAN (Arjovsky et al., 2017)
Objective:

min
g

W1(g#PZ , ν)

Dual

Let µ, ν ∈ P2(Rd), c : Rd × Rd → R,

OTc(µ, ν) = inf
γ∈Π(µ,ν)

∫
c(x, y) dγ(x, y)

= sup
f⊕g≤c

∫
fdµ+

∫
gdν,

where f ⊕ g ≤ c means that for all x, y, f(x) + g(y) ≤ c(x, y).

In the particular case where c(x, y) = ∥x− y∥2,

W1(µ, ν) = sup
f∈Lip1

∫
fd(µ− ν).
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Wasserstein GAN (Arjovsky et al., 2017)

W1(µ, ν) = sup
f∈Lip1

∫
fd(µ− ν).

Wasserstein GANs:

• Parametrize a function gθ with a neural network

• Solve: minθ W1

(
(gθ)#PZ , ν)

• Use the dual and a 1-Lipschitz parametric critic function fξ : X→ R:

inf
θ
sup
ξ

∫
fξ
(
gθ(z)

)
dPZ(z)−

∫
fξ(x) dν(x)

• Learn a 1-Lipschitz Neural network

• Bilevel optimization

• Often instable
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Optimizing Divergences in (P2(Rd),W2)
Goal:

min
µ
F(µ) := D(µ, ν)

for D a divergence (e.g. D = KL)

Definition (Wasserstein Gradient Flow (WGF))

A Wasserstein gradient flow is a continuous curve µ : [0, T ]→ P2(Rd) which
follows the steepest descent direction to minimize F in (P2(Rd),W2).
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Optimizing Divergences in (P2(Rd),W2)
Goal:

min
µ
F(µ) := D(µ, ν)

for D a divergence (e.g. D = KL)

Definition (Wasserstein Gradient Flow (WGF))

A Wasserstein gradient flow is a continuous curve µ : [0, T ]→ P2(Rd) which
follows the steepest descent direction to minimize F in (P2(Rd),W2).

Analogous to Euclidean Gradient Flows to
minimize f : Rd → R:

dxt

dt
= −∇f(xt)

→ Discretization in time: Gradient descent
From (Bach, 2020)
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Optimizing Divergences in (P2(Rd),W2)
Goal:

min
µ
F(µ) := D(µ, ν)

for D a divergence (e.g. D = KL)

Definition (Wasserstein Gradient Flow (WGF))

A Wasserstein gradient flow is a continuous curve µ : [0, T ]→ P2(Rd) which
follows the steepest descent direction to minimize F in (P2(Rd),W2).

Gradient Flows on Rd WGF

Characterization ODE PDE (Continuity Equation)
dxt

dt = −∇f(xt) ∂tµt − div
(
µt∇W2F(µt)

)
= 0

Discretization (Forward) in time Gradient Descent Wasserstein Gradient Descent
∀k ≥ 0, xk+1 = xk − τ∇f(xk) µk+1 =

(
Id− τ∇W2

F(µk)
)
#
µk

Discretization (Backward) in time Proximal Point Algorithm JKO scheme
∀k ≥ 0, xk+1 = argminx

1
2τ ∥x− xk∥22 + f(x) µk+1 = argminµ

1
2τW

2
2(µ, µk) + F(µ)
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JKO Scheme

Endowing P2(Rd) with W2, JKO scheme (Jordan et al., 1998):

∀k ≥ 0, µτ
k+1 ∈ argmin

µ∈P2(Rd)

1

2τ
W2

2(µ, µ
τ
k) + F(µ)

→ solve this problem with neural networks

• JKO-ICNN (Mokrov et al., 2021; Alvarez-Melis et al., 2022){
uτ
k+1 = argminu∈CVX

1
2τ

∫
∥∇u(x)− x∥22 dµτ

k(x) + F
(
(∇u)#µτ

k

)
µτ
k+1 = (∇uτ

k+1)#µ
τ
k

Drawback: use ICNNs, O(k2) gradient evaluations at each step

• (Fan et al., 2022; Choi et al., 2024): parametrize the Monge map, i.e.

T τ
k+1 = argmin

T

1

2τ

∫
∥T (x)− x∥22 dµτ

k(x) + F(T#µ
τ
k), µτ

k+1 = (T τ
k+1)#µ

τ
k

For F(µ) = KL(µ||ν), use the variational formulation.
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For F(µ) = KL(µ||ν), use the variational formulation.
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Learning the OT Map
Learning the OT map, i.e.

T ∈ argmin
T#PZ=ν

∫
∥T (z)− z∥22 dPZ(z)

• Leveraging the dual, Makkuva et al. (2020) solve

W2
2(PZ , ν) = sup

f∈CVX(ν)

inf
g∈CVX(PZ)

−
∫

fdν −
∫ (

⟨f(z),∇g(z)⟩ − f(∇g(z))
)
dPZ(z),

and use T = ∇g. f, g are parametrized by ICNNs (Amos et al., 2017)
→ minimax problem, use ICNNs

• Monge Gap (Uscidda and Cuturi, 2023):

min
θ
D
(
(Tθ)#PZ , ν

)
+MPZ

c (Tθ),

where

Mρ
c(T ) =

∫
c
(
x, T (x)

)
dρ(x)−OTc(ρ, T#ρ) ≥ 0.

→ learn OT map between PZ and ν for any c.
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Continuity equation

For any (absolutely continuous) curve t 7→ ρt ∈ P2(Rd), there exists for a.e.
t ∈ [0, 1] a velocity field vt : Rd → Rd ∈ L2(ρt) such that (ρt, vt) satisfies (weakly)
the continuity equation

∂tρt + div(ρtvt) = 0.

ρ0
ρt

∂tρt + div
(
ρtvt

)
= 0

Particles: xt ∼ ρt ⇐⇒ dxt

dt = vt(xt).
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Dynamic formulation of OT

Benamou-Brenier formulation (Benamou and Brenier, 2000)

Let µ, ν ∈ P2(Rd),

W2
2(µ, ν) = inf

ρ,v

∫ 1

0

∫
Rd

∥vt(x)∥22 dρt(x)dt

subject to ∂tρt + div(ρtvt) = 0, ρ0 = µ, ρ1 = ν.
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Flow Matchings (Lipman et al., 2022)

Idea: learn vt by a regression problem

Ingredients:

• An interpolating curve between x0 ∼ µ, x1 ∼ ν: xt = It(x0, x1) e.g.

∀t ∈ [0, 1], It(x0, x1) = xt = (1− t)x0 + tx1

• A coupling γ ∈ Π(µ, ν) → defines µt = (It)#γ curve interpolating between µ0

and µ1

• Learn vθ such that dxt

dt = vθ(t, xt)

• After training, solve the ODE dxt

dt = vθ(t, xt) to sample from ν

Loss:

L(θ) =
∫ 1

0

∫ ∥∥vθ(t, It(x0, x1)
)
− d

dt
It(x0, x1)

∥∥2
2
dγ(x0, x1)dt
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Flow Matchings (Lipman et al., 2022)
Simplest setting: γ = µ⊗ ν ∈ Π(µ, ν), It(x0, x1) = (1− t)x0 + tx1:

L(θ) =
∫ 1

0

∫
∥vt
(
(1− t)x0 + tx1

)
−
(
x1 − x0

)
∥22 dµ(x0)dν(x1)dt,
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Rectified Flows (Liu et al., 2022)
Trajectories: not straight → ODE longer to solve

Rectified Flows:
• Perform Flow matching
• Denote T1(x0) = x0 +

∫ 1

0
vθ(t, xt)dt

• Perform Flow matching using γ = (Id, T1)#µ ∈ Π(µ, ν)

→ Reduce the OT cost and get straighter trajectories
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Flow Matchings with OT Couplings (Tong et al., 2023;
Pooladian et al., 2023)
Use OT couplings γ ∈ Πo(µ, ν), It(x0, x1) = (1− t)x0 + tx1:

L(θ) =
∫ 1

0

∫
∥vt
(
(1− t)x0 + tx1

)
−
(
x1 − x0

)
∥22 dγ(x0, x1)dt.

• If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,
2023)
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L(θ) =
∫ 1

0

∫
∥vt
(
(1− t)x0 + tx1

)
−
(
x1 − x0

)
∥22 dγ(x0, x1)dt.

• If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,
2023)

• Klein et al. (2025): Use big batchs with Sinkhorn on multiple GPUs

From (Klein et al., 2025)
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L(θ) =
∫ 1

0

∫
∥vt
(
(1− t)x0 + tx1

)
−
(
x1 − x0

)
∥22 dγ(x0, x1)dt.

• If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,
2023)

• Klein et al. (2025): Use big batchs with Sinkhorn on multiple GPUs
• Mousavi-Hosseini et al. (2025): Pre-compute semi-discrete OT plan between
µ = pZ and ν

From (Mousavi-Hosseini et al., 2025)
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Thank you for your attention!
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Théo Uscidda and Marco Cuturi. The monge gap: A regularizer to learn all
transport maps. In International Conference on Machine Learning, pages
34709–34733. PMLR, 2023.

34/34

34/34



References IX

Titouan Vayer. A contribution to optimal transport on incomparable spaces. arXiv
preprint arXiv:2011.04447, 2020.

Titouan Vayer, Nicolas Courty, Romain Tavenard, and Rémi Flamary. Optimal
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