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Machine Learning
Goal: learn a model from data

e Classification
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From (Goyal, 2018)

e Generative model (images, text...)
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Samples from Stable Diffusion (Rombach et al., 2022) y )
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Probability Distributions and Generative Modeling
e Data: z1,...,2, € R? +— probability distribution 1, = 2 > | 4,




Probability Distributions and Generative Modeling
e Data: z1,...,2, € R? +— probability distribution 1, = 2 > | 4,

e Generative modeling:
o Access to samples x1,..., T, ~ v, v unknown
o Goal: sample from v




Probability Distributions and Generative Modeling
e Data: z1,...,2, € R? +— probability distribution 1, = 2 > | 4,

e Goals:
o Compare distributions using some discrepancy D
o Learn/move distributions by minimizing some criterion D (e.g. for generative models)
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Optimal Transport
Optimal Transport methods

e Compare probability distributions
e Leverage the geometry of the underlying space X




Optimal Transport
Optimal Transport methods

e Compare probability distributions
e Leverage the geometry of the underlying space X
e Very popular in Machine Learning (Peyré et al., 2019)
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The Monge Problem (1781)

1 n _ 1 n
For u, = by Ei:l Opiy Vn = n Zi:l 5?]-&'
n
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Me(pin, Vn) = e Z; (is Yo (i)

n

= inf 1 Zc(mi,T(l“i)),

7 D1 0@y =n Tisi 0y M

with T : {x1,..., 2} = {y1,...,yn} bijection.




The Monge Problem (1781)

Monge Problem (Monge, 1781)
Let p,v € P(RY), c: R? x R R,

M) = int [ ofe,T(@) duto),

Typ=v

where T : R? — R% and Ty = poT71.
v

If Typ=v, then X ~ pp = T(X

7 T

OTmapT
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The Monge Problem (1781)

Monge problem: hard to solve

Constraints 7% = v hard to satisfy:
* Might be empty, e.g. with i1 = 6, v = 6, + 26y,
e Or optimal 7" might be not unique




The Monge Problem (1781)

Monge problem: hard to solve

Constraints 7% = v hard to satisfy:
* Might be empty, e.g. with i1 = 6, v = 6, + 26y,
e Or optimal 7" might be not unique

— Kantorovich problem
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The Kantorovich Problem

Kantorovich Problem
Let p,v € Po(R?), ¢: R? x R = R,

O () = ik / o) )
YEM(p,v)

O(p,v) = {y € P(R*xR%), VA € B(R?), v(AxR%) = pu(A), v(R*x A) = v(A)}

7 7 R

e Is always well defined (as p ® v € II(p, v))
o v=(d,T)pp € U(n,v) = OTc(p,v) < Me(p,v)
e OT.(p,v) = Mc(u, v) whenever OT maps exist (e.g. between p,, = 1)
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Influence of the cost

Different costs = different optimal couplings

c(z,y) = |z -yl

c(z,y) = llz -yl

c(@,y) = llz —yl
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The Wasserstein Distance

Woasserstein Distance

Let u, v € Po(RY), c(z,y) = ||z — yl|3 for all ,y € RY,

Wier) = int [ oyl dr(e0)

Properties:

e W, distance

* Wy(dz,0y) = ||z — yll2

e (P2(R?),W5) has a Riemannian structure

Condition to have a deterministic coupling, i.e. v = (Id, T)4p with Tipp = v
where VA € B(R?), Tuu(A) = n(T~'(A)): Brenier's theorem (Brenier, 1991)

p < Leb = Optimal coupling v* unique and v* = (Id, V) p with ¢ convex
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Solving the OT Problem

Let @1,...,Tpn, Y1, Un ERL, a, BE X, u="1" @bz, v =21, Biby.,

W3, v) = min (C,P)r with C = (o — y113),
PeR?*™, Ply=a, PT1,=4 "

e



Solving the OT Problem

Let Tlyee s Tpy Yty Yn € Rdu auﬁ € Env n= Z?:l aiéziy v= Z?:l ﬁléyll

Wi(p,v) = min (C,P)p with C = (|lzi —yl3),
PeR?*™, Ply=a, PT1,=4 7

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Implemented efficiently e.g. in POT (Flamary et al., 2021) but still costly
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https://pythonot.github.io/

Solving the OT Problem
Let @1,...,Tpn, Y1, Un ERL, a, BE X, u="1" @bz, v =21, Biby.,

W3, v) = min (C.P)p with C=(Jai—yl),,
PeR?*™, Ply=a, PT1,=4 J

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3logn)

Sample Complexity (Boissard and Le Gouic, 2014)

n

For p1,v € Po(RY), @1,..., &0 ~ b, Y1, Yn ~ U, fly = 230 | 6,, and
= 130
Vn n =1 “Yir

E[[Wa(fin, ) — Wa(u,v)[] = O(n~ /%)

— curse of dimensionality

e



Minibatch OT (Fatras et al., 2021)

where X = (z1,...,2x), Y = (Y1, .-, YK)-
Properties: Computational complexity in O(LK?®log K), OT plans less sparse

s S R ¥ A
82 ..ﬂ. : 82 &Z.‘*?‘. /
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K=2 K =10 K =n =100

Figure from (Montesuma et al., 2024) 12
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Entropic Regularization (Cuturi, 2013)
Let p1, v € Pa(RY),

OT.c(p,v) = inf / c(z,y) dy(z,y) +eH(v)
~yEI(p,v)

where H(v) = [log (v(x,y)) dy(z,y) is the negative entropy.

Properties:

Smooth and strictly convex problem — unique solution
Solved in O(n?logn/e) with the Sinkhorn algorithm
e Converge to OT.(u,v) as e — 0

e Lose sparsity of the coupling




1D OT Problem

Let u, v € Pa(R),

e Cumulative distribution function:
Ve R, Fult) = ()~ oo,t]) = [ 1 we(o) du(o)

e Quantile function:
Yu € [0,1], Fu_l(u) =inf {z €R, F,(z) > u}

1D Wasserstein Distance

— — 2
Wi, v) = ; | F (u) = By (u)]” du =

14/34
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Sliced-Wasserstein Distance

T

Directions
e Source data
e Target data g

6=100°

S|

Definition (Sliced-Wasserstein (Rabin et al., 2011))
Let p,v € P2(R?),

SW%(N7 V) = e Wg(P;Z’:,ua P;Z:V) d>‘(0)7

where P?(x) = (x,0), A uniform measure on S91.




Properties of the Sliced-Wasserstein Distance

Let @1,..., %0, Y1, -, yn ERY @, BE€ X, p =1 @by, v =D 1, Biby,.

Approximation via Monte-Carlo:

—=2
SW2L B, v Pae/’éapzfy)a

\Mh

01,...,00 ~ A

Properties:

Computational complexity: O(Lnlogn + Lnd)

Sample complexity: independent of the dimension (Nadjahi et al., 2020)
SW, distance (Bonnotte, 2013)

Topologically equivalent to the Wasserstein distance (Nadjahi et al., 2019), i.e
lim SW3(pun, 1) =0 <= lim W3 (i, p) = 0.
n— oo n—oo




Summary

Couplings between measures
e Distance

Takes into account the geometry of the underlying space

Costly to compute

Curse of dimensionality

Alternatives/approximations come with pro and cons

— many variants to alleviate the cons




Extensions

Problems not solved by the OT problem in its original formulation:
e Outliers — Unbalanced and Partial OT (Séjourné et al., 2023)
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From (Séjourné et al., 2023)



Extensions

Problems not solved by the OT problem in its original formulation:
e Outliers — Unbalanced and Partial OT (Séjourné et al., 2023)

e Comparing positive measures — Unbalanced and Partial OT

Distributions and transported mass for UOT

0.201 —— Source distribution
—— Target distribution

0.15 A mm Transported source
e Transported target

0.10 A

0.05 4

0.00 4

From POT
— 18/34



Extensions

Problems not solved by the OT problem in its original formulation:
e Outliers — Unbalanced and Partial OT (Séjourné et al., 2023)
e Comparing positive measures — Unbalanced and Partial OT
e Comparing distributions on incomparable spaces — Gromov-Wasserstein

v € P(R?)

PRIy,

nsxv.
-lllt.

-
S

[ -

n € P(R?)

From (Vayer, 2020)
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Applications of OT in ML

Wide range of applications:

e Supervised learning (Frogner et al., 2015)

e Domain Adaptation (Courty et al., 2016) ?
e Generative Modeling (Arjovsky et al., 2017)

Biology (Schiebinger et al., 2019) ey . 'ﬁ",; " s
Neuroscience (Bonet et al., 2023)
Transformers (Sander et al., 2022)
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Wide range of data types:

e Images

e Datasets (Alvarez-Melis and Fusi, 2020)
e Documents (Kusner et al., 2015)

e Genes (Bellazzi et al., 2021)

e Graphs (Vayer et al., 2019)

0 media 2] ;
L] 32
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Domain Adaptation with Optimal Transport

Dataset Optimal transport Classification on transported samples

+0 Samples T, (x]) Samples T, (x)
03 Samples x! 4 amples x!

Classifier onx; — Classifier on T, (x?)

From (Courty et al., 2016)

e Labeled source dataset 5 = (x5, y7);, s = %Z:;l O
o Unlabeled target dataset Q; = (z});, st = 55 210y Oat
J

Solution from (Courty et al., 2016):
1. Find the OT plan v € argmin, cry,,, ) J |7 = yll3 dv(z,y)

2. Define a barycentric map: T, (xf) = argmin, 7", ||z — x4 137,

3. Train a classifier on (T (z3),y5)
20
— /34



Domain Adaptation with Optimal Transport

Dataset Optimal transport Classification on transported samples

+0 Samples T, (x]) Samples T, (x)
03 Samples x! 4 amples x!

Classifier onx; — Classifier on T, (x?)

From (Courty et al., 2016)

e Labeled source dataset 5 = (x5, y7);, s = %Z:;l O
o Unlabeled target dataset Q; = (z});, st = 55 210y Oat
J

Solution from (Courty et al., 2016):
1. Find the OT plan v € argmin, cry,,, ) J |7 = ll5 dy(z,y) + Re(v)

2. Define a barycentric map: T, (xf) = argmin, 7", ||z — x4 137,

3. Train a classifier on (T%(z3),y5);
20
— /34



DeepJDOT

Loss (9):

s Ly(ys, flg(a3)))

f +
P G- B fuen-opr
i 5 (8
’ Yij +
S5 \ o 8\ Lt f(0(e)

t
Zj

From (Damodaran et al., 2018)

Idea: Learn suitable embedding, and align joint distribution of features and labels.

e
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Generative Modeling

Setting:

e v € Py(X): Target measure (e.g. distribution of images)
e P, a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z — X such that gz Pz =~ v.

Remark: For Z = X = R? and Pz < Leb, such a g exists by Brenier's theorem.

22/34



Generative Modeling

Setting:

e v € Py(X): Target measure (e.g. distribution of images)
e P, a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z — X such that gz Pz =~ v.

Remark: For Z = X = R? and Pz < Leb, such a g exists by Brenier's theorem.

Solutions:
e Solve ming D(g4Pz,v) for D a divergence (GANs, VAEs, NFs...)

D(p,v)
14

’
=

22/34



Generative Modeling

Setting:

o v € Py(X): Target measure (e.g. distribution of images)
e P, a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z — X such that gz Pz =~ v.
Remark: For Z = X = R? and Pz < Leb, such a g exists by Brenier's theorem.

Solutions:
e Solve ming D(g4Pz,v) for D a divergence (GANs, VAEs, NFs...)
e Learn the OT map, /e

g € argmin / |T(2) — z||2 dPz(z)
T, T#PZIV

— difficulties: enforce TPz = v, only access to samples from v

2/



Generative Modeling

Setting:

o v € Py(X): Target measure (e.g. distribution of images)
e P, a standard measure on a latent space Z

Goal of generative modeling: learn a map g : Z — X such that gz Pz =~ v.
Remark: For Z = X = R? and Pz < Leb, such a g exists by Brenier's theorem.

Solutions:
e Solve ming D(g4Pz,v) for D a divergence (GANs, VAEs, NFs...)
e Learn the OT map, /e

g € argmin / |T(2) — z||2 dPz(z)
T, T#PZIV

— difficulties: enforce TPz = v, only access to samples from v

e Learn a trajectory going from Pz to v (Diffusion, Flow Matching...)

22/34



Wasserstein GAN (Arjovsky et al., 2017)

Objective:
min Wy (gxPz,v)
g

Let 1, € Po(R%), ¢: R x R? = R,

OTe(p,v) = inf / c(z,y) dv(z,y)

YEI(p,v)

sup / fdp+ / gdv,
fég<c

where f @ g < ¢ means that for all z,y, f(z)+ g(y) < c(z,y).

In the particular case where c(z,y) = ||z — y||2,

Wi(p,v) = sup /fd —-v)

f€L1p1



Wasserstein GAN (Arjovsky et al., 2017)

W) = suwp [ fdGu-v)

f€Lip,y
Wasserstein GANs:
e Parametrize a function gy with a neural network
Solve: ming Wl((gg)#PZ,z/)

mf sup / fg go(z dPZ / fe(z) dv(z

Learn a 1-Lipschitz Neural network

Bilevel optimization
Often instable

Use the dual and a 1-Lipschitz parametric critic function f; : X — R:

24/34



Optimizing Divergences in (Py(R?), W5)
Goal:

min F(u) := D(u,v)

for D a divergence (e.g. D = KL)




Optimizing Divergences in (Py(R?), W5)
Goal:

min F(u) := D(u,v)

for D a divergence (e.g. D = KL)

Definition (Wasserstein Gradient Flow (WGF))

A Wasserstein gradient flow is a continuous curve y : [0, T] — Po(R?%) which
follows the steepest descent direction to minimize F in (Py(R%), Wy).

k=0
Analogous to Euclidean Gradient Flows to ) —doscani | 20
.. . . d . |~ Ttlow
minimize f : R* = R: 5
dx; 10
— =V f(z
dt fla) . 5

— Discretization in time: Gradient descent
From (Bach, 2020)



Optimizing Divergences in (Py(R?), W5)
Goal:

min F(u) := D(u,v)

for D a divergence (e.g. D = KL)

Definition (Wasserstein Gradient Flow (WGF))

A Wasserstein gradient flow is a continuous curve y : [0, T] — Po(R?%) which
follows the steepest descent direction to minimize F in (Py(R%), Wy).

Gradient Flows on R¢ WGF
Characterization ODE PDE (Continuity Equation)
% = *Vf(xt) Ogpir — diV(#tvwz]:(Mt)) =0
Discretization (Forward) in time Gradient Descent Wiasserstein Gradient Descent
Yk >0, Ty1 = T — TV f (@) M1 = (Id — TVw2f(uk))#uk
Discretization (Backward) in time Proximal Point Algorithm JKO scheme
VE > 0, s = argmin, o — g3+ F(2) s = argmin, AW, ) + F(n)




JKO Scheme
Endowing P2 (R?) with Wy, JKO scheme (Jordan et al., 1998):

1
Vk >0, pfi, € argmin  ——W3(u, uf) + F(u)
nePa(RY) 2T

— solve this problem with neural networks



JKO Scheme
Endowing P2 (R?) with Wy, JKO scheme (Jordan et al., 1998):
1
Vk >0, pfi, € argmin  ——W3(u, uf) + F(u)
peP2(RY) 4T

— solve this problem with neural networks

e JKO-ICNN (Mokrov et al., 2021; Alvarez-Melis et al., 2022)

upy, = argmin,coyx 5= [ V(@) — 5 dpg(z) + F((Vu)gup)
Py = (V“ZH)#NE

Drawback: use ICNNs, O(k?) gradient evaluations at each step



JKO Scheme
Endowing P2 (R?) with Wy, JKO scheme (Jordan et al., 1998):

1
Vk >0, pfi, € argmin  ——W3(u, uf) + F(u)
peP2(RY) 4T

— solve this problem with neural networks

e JKO-ICNN (Mokrov et al., 2021; Alvarez-Melis et al., 2022)

upy, = argmin,coyx 5= [ V(@) — 5 dpg(z) + F((Vu)gup)
Py = (V“ZH)#NZ

Drawback: use ICNNs, O(k?) gradient evaluations at each step
e (Fan et al., 2022; Choi et al., 2024): parametrize the Monge map, i.e.

: 1 T T
17, = arguin o [ I17(0) = oll} duf(e) + F@anf), ks = (TE) ik

For F(u) = KL(u||v), use the variational formulation.

26/34



Learning the OT Map

Learning the OT map, i.e.

T € argmin /||T(z) — 2|5 dPz(2)
T#PZIV

e Leveraging the dual, Makkuva et al. (2020) solve

Wi(Ps0)= sup  inf - / fdv — / ((f(2), V(=) — F(Vg(2))) dPs(2),

FECVX(v) 9ECVX(Pz)

and use T'= Vg. f, g are parametrized by ICNNs (Amos et al., 2017)
— minimax problem, use ICNNs



Learning the OT Map

Learning the OT map, i.e.

T € argmin /||T(z) — 2|5 dPz(2)
T#PZIU

e Leveraging the dual, Makkuva et al. (2020) solve

Wi(Pz,v) = sup inf —/fdl'—/(<f(2)7V9(Z)> = f(Vg(2))) dPz(2),

FECVX(v) 9ECVX(Pz)

and use T'= Vg. f, g are parametrized by ICNNs (Amos et al., 2017)
— minimax problem, use ICNNs

¢ Monge Gap (Uscidda and Cuturi, 2023):

min D((Tp)y Pz, v) + M*(Tp),

where

MP(T) = / o(@, T(x))dp(z) — OTe(p, Tp) > 0.

— learn OT map between Pz and v for any c.
27
— /34



Continuity equation

For any (absolutely continuous) curve t — p; € Po(R?), there exists for a.e.
t € [0,1] a velocity field v; : R? — R? € L?(p;) such that (p;,v;) satisfies (weakly)
the continuity equation

Opr + div(pgvy) = 0.

T

day _

Particles: z; ~ p; <= <t = vi(y).



Continuity equation

For any (absolutely continuous) curve t — p; € Po(R?), there exists for a.e.
t € [0,1] a velocity field v; : R? — RY € L?(p;) such that (p;,v;) satisfies (weakly)
the continuity equation

atpt aF diV(pt’Ut) = 0.




Dynamic formulation of OT

Benamou-Brenier formulation (Benamou and Brenier, 2000)

Let p,v € P2(R?),

Wi =it [ [ @3 ao

subject to Oypr + div(pivr) =0, po = p, p1 = v.




Dynamic formulation of OT

Benamou-Brenier formulation (Benamou and Brenier, 2000)

Let u1, v € Pa(RY),

Wi =it [ [ @)l antear

subject to Oypr + div(pivr) =0, po = p, p1 = v.




Flow Matchings (Lipman et al., 2022)

Idea: learn v; by a regression problem
Ingredients:
e An interpolating curve between xg ~ pu,x1 ~ v: x; = Li(x0,71) e.g

vt € (0,1], Li(zo,21) =2 = (1 — )@ + tay

e A coupling v € II(u, v) — defines p1, = (I;)47y curve interpolating between 1
and g

e Learn vg such that ddﬂt = vg(t, )

o After training, solve the ODE %ﬁ = vy(t, z¢) to sample from v



Flow Matchings (Lipman et al., 2022)

Idea: learn v; by a regression problem

Ingredients:

e An interpolating curve between xg ~ pu,x1 ~ v: x; = Li(x0,71) e.g
vt € (0,1], Li(zo,21) =2 = (1 — )@ + tay

e A coupling v € II(u, v) — defines p1, = (I;)47y curve interpolating between 1
and g

e Learn vy such that dﬂ = vg(t, )

o After training, solve the ODE d—% = vy(t, z¢) to sample from v

Loss:

d
/ /va t Ii(zg, 21 ) d —I(zo,21) ”2 dy(zg,z1)dt




Flow Matchings (Lipman et al., 2022)
Simplest setting: v = p®v € Il(u,v), Li(xo,x1) = (1 — t)xo + ta1:

£0)= [ [ om0+ t02) = (01 = 0) 1 v,

ﬁz



Flow Matchings (Lipman et al., 2022)
Simplest setting: v = p®v € Il(u,v), Li(xo,x1) = (1 — t)xo + ta1:

L) = /0 / lloe (1 = t)zo +ta1) — (21— o) I3 du(zo)dv(z1)dt,

. i i.i? : . : ‘.i?
,,//-' ;_
L 4



Rectified Flows (Liu et al., 2022)

Trajectories: not straight — ODE longer to solve

Rectified Flows:
e Perform Flow matching
e Denote T (zo) = xo + fol vg(t, x)dt
e Perform Flow matching using v = (Id, T ) € II(p, v)
— Reduce the OT cost and get straighter trajectories



Rectified Flows (Liu et al., 2022)

Trajectories: not straight — ODE longer to solve

Rectified Flows:
e Perform Flow matching
e Denote T (z9) = xo + fol vo(t, xy)dt
e Perform Flow matching using v = (Id, T ) € II(p, v)
— Reduce the OT cost and get straighter trajectories

[ ] .’ L} .’




Flow Matchings with OT Couplings (Tong et al., 2023;
Pooladian et al., 2023)

Use OT couplings v € I, (p, v), It(xo, 1) = (1 — t)zg + tzy:

£(0) :/0 /Hvt((l—t)xo+tx1) (1 — 20) 113 dy(wo, 21)dt.

e If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,
2023)



Flow Matchings with OT Couplings (Tong et al., 2023;

Pooladian et al., 2023)
Use OT couplings v € I, (p, v), It(xo, 1) = (1 — t)zg + tzy:

£(0) :/0 /Hvt((l—t)xo+taj1) (1 — 20) 113 dy(wo, 21)dt.

e If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,
2023)

e Klein et al. (2025): Use big batchs with Sinkhorn on multiple GPUs

ImageNet-32 ImageNet-64
Yeooe s oue GEEY N 4 s T
IFM 664 243 121 5.55 LFM  80.1 37.0 195 9.32
2048 38.2 168 10.0 5.89 1096 50.3  25.0 15.8 9.39
65536 33.1 151 9.28 4.88 32768 488 246 157 9.08
524288 31.5 148 9.19 4.85 131072 469 239 154 8.99

Table 1: FID for models trained across different OT batch sizes. We use the best checkpoint (w.r.t
FID at Dopri5) for each model, restricting results to the setting where the relative epsilon value
& = 0.1 for ease of presentation (more detailed results can be seen in the plots of Figure 5).

From (Klein et al., 2025)



Flow Matchings with OT Couplings (Tong et al., 2023;

Pooladian et al., 2023)
Use OT couplings v € I, (p, v), It(xo, 1) = (1 — t)zg + tzy:

£(0) :/0 /Hvt((l—t)xo+taj1) (1 — 20) 113 dy(wo, 21)dt.

e If too much samples: use minibatch OT (Tong et al., 2023; Pooladian et al.,

2023)
e Klein et al. (2025): Use big batchs with Sinkhorn on multiple GPUs
e Mousavi-Hosseini et al. (2025): Pre-compute semi-discrete OT plan between

@ =pz and v

x 0.04

2

2

g

Z

5

&)

0.008 4 =
107" 100 10 10* 107! 100 10 102
Chi-Squared Error ¥?(m(g) || b) Chi-Squared Error ¢*(m(g) || b)
. On TmngN32, of dual potential g vs. SD-FM

rvature and FID; M is shown as lines. Note that curvatures of different solvers are computed on different
ence they are not comparable.

From (Mousavi-Hosseini et al., 2025)
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Thank you for your attention!
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