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Motivations

Let Po(RY) = {1 € P(RY), [|z|3 du(x) < 0o}, F: Po(R?) — R.

Goal:

in  F
Lomin (1)

Applications:

e Sampling from v o< e~ (Wibisono, 2018)

e Generative modeling

e Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)

Example of functionals

. Free energles F(p) = [Vdu+ [ W(z,y) du(z)dp(y) + H(p) where
= [log (u( )) du(x) for u < Leb

o f(u) =KL(u||v) = [ Vdu + H(u) for sampling from v oc e~V ()

e F(u) = D(u,v) for sampling from v
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Gradient Descent on R
Let f:RY - R.
Goal: min,cge f(x) via gradient flow

day

dt = —Vf(xt), Ty = To



Gradient Descent on R

Let f:RY - R.
k=100
Goal: min,cge f(x) via gradient flow —descent| | |20
\—flow
dz, 15
1 = V@), wmo=1o ?ﬂ\ *‘0
5

Main algorithm: Gradient Descent (GD)
Vk >0, 41 = — TV f(2k) From (Bach, 2020)

1
= argmin §||a: — xk||% + 7(Vf(xg),x — xp)
rERd



Gradient Descent on R
Let f:R? — R.

k=100
Goal: min,cge f(x) via gradient flow

—descent| | 20
—flow
dx "
5 = V@), w0 =10 % “0
Main algorithm: Gradient Descent (GD)

Vk >0, 41 = — TV f(2k) From (Bach, 2020)

1
= argmin §||x — xk||% + 7(Vf(xg),x — xp)
rERd

Convergence Analysis (Garrigos and Gower, 2023)

o fB-smooth = f(zxt1) < flmr) — 5 lIVF(@k)ll3 = fzn) — §lwra — i3

e f B-smooth and a-convex —> f(zy) — f(a*) < B;—kaﬂxg —z*|3

Reminder:

o f B-smooth <= Va,y € R%, f(x) - f(y) — (Vf(y),x —y) < 5]z -yl
e f a-convex <= f—a@l convex



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

ﬁz



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R* — R be strictly convex, then the Bregman divergence is defined as

Vz,y € R, dy(z,y) = ¢(x) — d(y) — (Vo(y), z — y).

Mirror Descent algorithm:

Vk >0, zp41 = argmin dg(x, zk) + 7(Vf(xk), z — x8)
zER

=Vo¢* (Vo(zr) — TV f(zr)).
Remark: For ¢(z) = £||z(|3, MD = GD and dg(z,y) = 3|z — yl|3

ﬁ;ﬂ\



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R* — R be strictly convex, then the Bregman divergence is defined as

Vz,y € R, dy(z,y) = ¢(x) — d(y) — (Vo(y), z — y).

Mirror Descent algorithm:

Vk >0, zp41 = argmin dg(x, zk) + 7(Vf(xk), z — x8)
zER

= Vo (V(zr) — TV (1))

Remark: For ¢(z) = £||z(|3, MD = GD and dg(z,y) = 3|z — yl|3

Convergence analysis (Lu et al., 2018)

e f [-smooth relative to ¢, i.e. df(z,y) < fdg(x,y) (equivalently ¢ — f convex)
= f(zr1) < far) — Bdy(wh, Tro1)

e f B-smooth and a-convex relative to ¢, i.e. adg(z,y) < df(z,y) (equivalently

f — a¢ convex) = f(xx) — f(a*) < B_To‘d¢(a:*,mo)
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Preconditioned Gradient Descent (Maddison et al., 2021)
Let h: R? — R strictly convex, g : R* — R.
Preconditioned Gradient Descent scheme:

Vk >0, yrr1 = yx — TVA (Vg(yr))

= argmin h <w> T+ (Vg(yr), ¥ — Yr)
yERd T



Preconditioned Gradient Descent (Maddison et al., 2021)

Let h: R? — R strictly convex, g : R* — R.

Preconditioned Gradient Descent scheme:
Vk >0, yrr1 = yx — TVA (Vg(yr))

= argmin h <w> T+ (Vg(yr), ¥ — Yr)
yERd T

Closely related to MD (Kim et al., 2023) as for g = ¢*, h* = f, y = V¢(x),

Vé(ht1) = Vo(zr) — TV f(ar) <= i1 = V" (Vo(ar) — TV f(r)).



Preconditioned Gradient Descent (Maddison et al., 2021)

Let h: RY — R strictly convex, g : R — R.

Preconditioned Gradient Descent scheme:

Vk >0, yrr1 = yx — TVA (Vg(yr))
= argmin h (yk_y> T+ (Vg(yr), ¥ — Yr)
yERd T

Closely related to MD (Kim et al., 2023) as for g = ¢*, h* = f, y = V¢(x),

Vé(ht1) = Vo(zr) — TV f(ar) <= i1 = V" (Vo(ar) — TV f(r)).

Convergence analysis (Maddison et al., 2021)

* h* B-smooth relative to g* => h*(Vg(yrt1)) < h*(Vg(yr)) — Bdg(Yr+1, Yk)
e h* [B-smooth and a-convex relative to g*

— Vk>1, h*(Vg(yr)) — h*(0) < %52 (g(0) — 9(y")
= Vk >0, g(yx) —9(y*) < (1 —a/B)*(9(v0) — 9(y*))
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Wasserstein Geometry

Definition (Wasserstein distance)

Let i, € P2(R?) and denote by II(u, v) the set of coupling between p,v. Then,
the Wasserstein distance is

) — / Il — 92 dy(z, ).
yEI(p,v)

Properties:

o W, distance, (P2(R%), Ws): Wasserstein space
e Brenier’s theorem: If y < Leb, then there exists a unique Tz such that
L (T)ep=v (Txpu(A) = p(T7(A)) for all A C R?)

2. Wip,v) = [ |lz = Ti(@)lI5 dp(e) = [I1d — Ty||7

(1)
e Riemannian structure:

o Geodesics between 11 < Leb and v € P2(R?): Vt € [0,1], pe = ((1 —t)Id + tTZ)#,u
o Tangent space at u € P2(R%) (Ambrosio et al., 2005):

TuP2(RY) = {V¢, ¥ € C=(RY)} C L?(p),

where L? (1) = {f € R = R?, [ f(2)[3 du(z) < oo}. (5/ \



Wasserstein Gradient
Definition (Wasserstein gradient (Bonnet, 2019))

Let 1 € Po(RY). Vw,F(u) € L?(1) is a Wasserstein gradient of F at y if for any
v € Po(R?) and any optimal coupling v € TI,(u, v/),

Fv) = Flu) + / (Vo F(12)(@), 9 — ) dy(z, ) + o(Walps, 1))

If such a gradient exists, then we say that F is Ws-differentiable at .

Properties:

e There is a unique gradient in 7, Pa(R%) (Lanzetti et al., 2022, Proposition 2.5)
e Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any
v € M, v),

]"(V)Z}'(MH/(sz}"( @),y —2) dv(@,y) + <\// e - ylIZ d(a, y>>

In particular, for v = (Id, T) x4,
F(Typp) = F(p) + (Vw, F (1), T = Id) 2y + o[|T — Id|| £2())

) (w)
ﬁz?




Wasserstein Gradient

Example of functionals

e Potential energies V(u) = [ Vdu: For V differentiable and L-smooth,

Vw,V(p) = VV

* Interaction energies W(u) = [[ W(z —y) du(z)du(y): For W even,
differentiable and L-smooth,

Negative entropy

H(p) = [log (u(z)) du(z) not W-differentiable but can consider subgradients
under regularity assumptions:

Vz € RY, Vw,H(u)(z) = Vlog u(x)

v

ﬁz?




Wasserstein Gradient Flows (Ambrosio et al., 2005)

Wasserstein gradient flow of F: curve ¢ — p; satisfying (weakly)
Oppr = div (e Vw, F ().

Particles: @y ~ py <= %t = —Vw, F (1) (z4).

ﬁz



Wasserstein Gradient Flows (Ambrosio et al., 2005)

Wasserstein gradient flow of F: curve ¢ — p; satisfying (weakly)
Oppr = div (e Vw, F ().

Particles: @y ~ py <= %t = —Vw, F (1) (z4).

Time discretization of the flow:
e Implicit/Backward (JKO) scheme (Jordan et al., 1998):

o1
P41 = argmin §W§(M,Mk) + 7F (1)
wEP2(R)

If pp < Leb, prr1 = Ty with

.1
= argmin §\|T—Id||2L2(M) + 7F (T pir)
TeL?(py)

ﬁ;ﬂ\



Wasserstein Gradient Flows (Ambrosio et al., 2005)

Wasserstein gradient flow of F: curve ¢t — p; satisfying (weakly)
Oupre = div (e Vw, F(pe)).

Particles: @y ~ py <= %t = —Vy, F (1) (22).

Time discretization of the flow:
e Implicit/Backward (JKO) scheme (Jordan et al., 1998):

o1
Hk+1 = argmin §W§(H,Mk) +7F (1)
pEP2(R)
If pp < Leb, pr1 = Ty pg, with

.1
T = argmin §HT_Id”%2(M) + 7F(Tppir)
TeL2(puy)

e Explicit/Forward scheme
Tk—i—l e argminTep(M) %HT — Id”%z(uk) + T<Vw2]:(,uk), T-— Id)L’z(”k)
tier = (Trpr) e
Taking the FOC: Tyy1 = Id — 7Vw, F (1)

ﬁ;ﬂ\



Wasserstein Gradient Flows (Ambrosio et al., 2005)

Wasserstein gradient flow of F: curve ¢t — p; satisfying (weakly)
O = div (pe Vw, F(p1e))-
Particles: z; ~ iy < d(i = —Vw, F () ().

Time discretization of the flow:
e Implicit/Backward (JKO) scheme (Jordan et al., 1998):

o1
ppr = axgmin W3 (g, ) + 7F (1)
REP2(R?)
If pr < Leb, prr1 = Ty with

.1
T = argmin —||T — Id||%2(m€) + 7 F(Tppn)
TeL?(pg)

e Explicit/Forward scheme
Tk+1 =1Id — TVWTF(;L]C)
fretr = (Thn)ghn

Particle approximation: jij! = & >71" | 0,

T n

8/21



Contributions

Study schemes of the form
{Tk+1 = argminpe 2,y (T, 1d) + 7(Vw, F (k) T = Id) 12y
prt1 = (Thi1) gk,
and provide convergence conditions.
Considered divergences:

e Bregman divergence on L?(y), extending Mirror Descent to P, (R?)

e Divergence of the form d(T,S) = [ h(T( (z)) du(z), extending
Preconditioned Gradlent Descent to Pg( d)

ﬁ;ﬂ\
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Background on L?(1)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ¢, : L?(u) — R be convex. The Bregman divergence is defined for all
T,S € L?(p) as

dg,. (T, 8) = ¢u(T) = Pu(S) = (Vou(S), T = S)r2(y-

* If ¢(T) = %”T”%?(M)’ d%(T,S) = %HT - S”%z(m
e We call ¢,, pushforward compatible if there exists ¢ : Po(R?) — R such that
i € P2(R7), VT € L*(n), $u(T) = ¢(Typ).
In this case, if ¢ is W-differentiable, then ¢,, is Fréchet differentiable and
VOu(T) = Vi, o(Tys) o T

e Let ¢, v, : L?(u) — R convex.

o ¢, is B-smooth relative to 1), if for all T,S € L*(n), dg,, (T, S) < Bdy, (T, S).
o ¢, is a-convex relative to 1, if for all T,S € L*(u), dg, (T,S) > ady, (T,S).



Convexity on P,(R?)
Let g0, 11 € P2(RY), o < Leb, and gy = (1 — £)Id + ¢ T4 ) 4 pso.

0
o F is a-geodesically convex if ¢ — F(p) is a-convex, i.e. for all t € [0,1],

at(l—1t)

2 W%(MO?MI)?

Flue) < (1 =1)F (o) + tF (1) —
or equivalently
o
%Wg(uovm) = 51T = 1dl[Z2 gy < Flpn) = Flpo) = (Vwa F ko), Thig = 1d) 120

= dj:uo (T Id)

KO >

with F,,(T) = F(Typ).

11 /21



Convexity on Py(RY)
Let g0, 11 € P2(RY), o < Leb, and gy = (1 — £)Id + ¢ T4 ) 4 pso.
o F is a-geodesically convex if ¢ — F(p) is a-convex, i.e. for all t € [0,1],

at(l—1t)

2 W%(MO?MI)?

Flpe) < (1= 8)F (o) + tF (pa) —
or equivalently

[0} [0}
§W§<N07N1) = 5T = 1d[|72 () < F(p1) = F(po) = (Vwa F(po), Ths = 1d) 124
= d]:-uo (TH 1d)

KO >

with F,,(T) = F(Typ).

Definition
Let 7,G : P2(R?) — R, u € Po(RY), T,S € L?(u), e = (Ty)4p with
T, = (1 —t)S+¢T for all t € [0, 1].

e F [-smooth relative to G along t — p if Vs, t € [0,1], d],:-H (T, Ty) < /Bdgu (Ts, T4).
® F a-convex relative to G along t +— pu if Vs,t € [0,1], dg (Ts,T¢) > adg (Ts, Te).

—11/21




Mirror Descent on the Wasserstein Space

Let ¢, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:
Try1 = argmingepz(,,) d%k (T,1d) + 7(Vw, F (ux), T — Id) 2,y
1 = (Try1)ghin

By FOC: Vo, (Tr+1) = Vo, (Id) — 7Vw, F (1)

Computing the scheme:
e For ¢, (T)= [V oTdu, Tpp1 =VV*o (VV — TVW2F(uk))
e For ¢, pushforward compatible:

Vw,d(tr+1) © Tr1r = Vw, d(pux) — 7Vw, F(pr)

In general: implicit in Tx4+; — Newton method

e Other particular cases with closed-forms, e.g. ¢,(T) = 1| P, T||L2 (u) recovers
SVGD (Liu and Wang, 2016) or EKS (Garbuno-Inigo et al., 2020).

12/21



Continuous Formulation
Informally, for ¢,, pushforward compatible:

{sa(uk) =V, $(s1x) . {sﬁ(ut) = Vaw, S(ju)
P(prt1) © Thpr = o) = 7Vw, F (1) 70 qe(pe) = =Vw, F(p).



Continuous Formulation
Informally, for ¢,, pushforward compatible:

(k) = Vw, () o(pe) = Vw, ¢(pe)
o(prt1) © Teyr = p(pr) — 7VwW, F (k) 70 Fo(u) = =Vw, F ).
d d
a@(ﬂt) = &szd)(ﬂt) = Hoy, (v1),
with He,,, : L*(us) — L?(u:) Hessian operator defined such that
2

@gb(m) = (Hop, (ve),ve) 2 (uy)  With  Oppay + div(psvy) = 0.

Mirror flow:
Ope — div (pe(Hey,) ™' Vw, F(pe)) = 0.

Related works:

e For ¢(u) = [ Vdu, F(u) = KL(u||p*), coincides with continuous formulation of
Mirror Langevin (Ahn and Chewi, 2021)

e For ¢ = F, coincides with Information Newton's flows (Wang and Li, 2020)

e For ¢(n) = SW3(p,v), F(p) = KL(p||pe*), coincides with Sinkhorn flows (Deb
et al., 2023)

13/21



Descent Lemma
Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Try1 = argminTeLz(#k) d¢uk (T, Id) —+ T<Vw2f(uk), T — Id>L2(uk)
Hk+1 = (TkJrl)#Nk'

Proposition (Descent Lemma)

Assumptions:
e Forall k >0, F is f-smooth relative to ¢ along t — ((1 —t)Id + tTk+1)#Mk
Then, for all k > 0,

Fpr41) < Fpr) — Bdg,, (1d, Try1).

Remark: (-smoothness implies 8dg, (Trt1,1d) > dﬁ#k (Tg41,1d)

Sketch of the proof:
1. Apply B-smoothness
2. Apply 3-point inequality

14/21



Convergence
Let ¢, be pushforward compatible. Define the OT problem:

Wolnp)= inf o) — () - / (Vwad (1)), — 9) dy(e,y)

YEI(v,p)
<dg, (T,S) for (T,S)xn e (v, )

Property: If 4 < Leb and Vy,¢(p) is invertible, then v* = (Tg:’,Id)#,u.
Proposition

Assumptions: Let 5 > 0, > 0. For all k > 0,
o F f-smooth relative to ¢ along t — ((1 —t)Id + tTkH)#,uk

o F a-convex relative to ¢ along t — ((1 —t)Id + tTZﬁ;f‘*)#uk
° d¢“k (Tgﬁ’y, Id) = W¢(Z/, [Lk) and d(z,“k (ng:, Tk+1) > W¢(I/, ,Ll,k+1)
Then, for all k > 1, F(ur) — F(u*) < f’—T“w¢ W o).

k
If >0, forall k>0, Wg(u*, pi) < (1 -3 W (1", to)-

3rd Assumption required to telescope dg,, (Tgl’j’”, Id) = Wy (v, i) and

dg,., (Tg’;:,TkH) > Wy (v, 1) as optimization done in different space L?(uy).
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Preconditioned GD

Let h: R? — R strictly convex, proper and differentiable.

Preconditioned Gradient Descent scheme: Let qSh fh oT du,

Tr41 = argmingepz(,,) qSZk (Id;T) T+ (Vw, F(ur), T = 1d) p2 ()
1 = (Th1)gin

By FOC: Tj11 = Id — 7VA* o Vi, F (1)



Preconditioned GD

Let h: R? — R strictly convex, proper and differentiable.

Preconditioned Gradient Descent scheme: Let th fh oT du,

Thy1 = argminge o,y o8, ((55) 7+ (Vw, F k), T —1d) 12,
1 = (Tha1) gk

By FOC: Tj11 = Id — 7VA* o Vi, F (1)

Proposition (Descent Lemma)

Assumptions: For all k > 0,
o F convex along t — ((1 —t)Try1 + tId)#,uk

* dgpn (Vwo F (prt1) © Trpr, Vi, Fur)) < fdgz, (Id, Tria)
Then, for all k > 0,

s (V3o F(ig1)) < O (P, Fluw)) = Bdz, (T, 1d).

v

Assumptions: inequalities between dy — sufficient conditions using convexity?
‘ 16/
21




Preconditioned GD

Let h: R* — R strictly convex, proper and differentiable.

Preconditioned Gradient Descent scheme: Let qﬁh fh oT du,

Thy1 = argminge o,y o0, ((575) 7+ (Vw, F k), T —1d) 22,
1 = (Tha1) gk

By FOC: Tjy1 = Id — 7Vh* o Vi, F(ur)

Assumptions: For all k > 0, denoting T = argminT’T#ukzu* dﬁ#k (Id, T),
o F convex along t — ((1 —t)Try1 + tId)#,uk
° dgpe (Vw,o F(pr41) © Trg1, Vwa F () < fdg, (I, Tria)
e adgz (Id, T) < dgn- (Vw, F(Tppr) o T, Vw, F (1))

Then, for all k > 1, ¢l (Vw, F (i) — h*(0) < B2 (F(po) — F(u*)).
Moreover, assuming that h*kattains its minimum at 0 and o > 0, for all k > 0,
Fpw) = F () < (1= 70)" (F(po) — F (1)) P

— */a
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Showing Relative Smoothness and Convexity

Relative smoothness of F : Py(R?) — R relative to ¢ : Po(R?) — R?
o Let F(u) = [ Vdp and ¢(p) = [Udp:

V' B-smooth relative to U = F [-smooth relative to ¢
V' a-convex relative to U = F a-convex relative to ¢

o Let F(p) = [[W(z —y) du(z)du(y) and ¢(p) = [[ K(z —y) dp(z)du(y):

W' B-smooth relative to K = F [-smooth relative to ¢
W «a-convex relative to K = F «-convex relative to ¢

e For F=G+H, dﬂ = d(jM +d7_~[M and F 1-convex relative to G and H
e In general: look at the Hessian

ﬁ;:



Mirror Descent on Interaction Energy
Goal: Let X € ST (R) possibly ill-conditioned,
1

min W(u) = // Wz —y) du(@)du(y) with W(z) = 2[lzl5-2 - %I\le%—l

Bregman potential: ¢,,(T) = [[ K(T(z) — T(y)) du(z)du(y) with
Ka(e) = el K3 () = 3 lellion,

1 1 1 1
Ki(2) = glzlz + 5 ll=l3,  K3(2) = Zllzllz + Slzl5%1
4 2 4 2

>
W(p,) K K5 t
1.0 12
-0.051 — K> ———-K%‘ 10
Ky Kf 0.5 .
~0.08 1 ‘ 8
-0.111 \\\ o1 Ao °
N
\\ 4
-0.14 4 X -0.5
\\ 2
=017 44 ISl N . . . . . . 0
0 5 10 -5 0 5 -1 0 1

Time ( 7 - iter)
18
— /2



Mirror Descent on Gaussian

Goal: )

min F(u /Vdu—!—?—[( ) with V(z) = ixTZ_lx
n

— minimum p* = N(0,%).

Comparison between:
e Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)

e Preconditioned Forward-Backward (PFB) scheme with ¢(u deu
e NEM: MD with ¢(u) = H(u) and restriction to Gaussian
KL (]| p7)
1072 ~
1076 4
10-10 4 —— NEM (ours)
— PFB (ours)
10-14 4
— FB
0 2 4 6 8 0 12 14

Time ( 7 - iter) 77\
19
/21



Preconditioned GD on Single-Cells

Goal: min, F(u) = D(u,v) with py untreated cell and v perturbed cell
Use PGD with 2*(z) = (||z[|$ 4+ 1)Y/* — 1 with a € {1.25,1.5,1.75}, which is well
suited to minimize functions growing in ||z — z*||%/(*=1) near z*.

= 32
| Flu) = SWiv)| [ Fw) =82(mv) F(p) = ED(u.v)
F (ﬂ) #iters convergence F (ﬁ) #iters convergence F (ﬂ) #iters convergence
< 10 o
S o
8 °
= 4 £
Sy 10 oo 2 10 oo
= 09 || ] . o
= g o ‘a 1074 2
0 3 e 10 b
< A 10° 10 B
2 %0 b 10 15
g9 4 &) o 1004 3 - & |&
z z L 5 o0
102 3 1 o i 3 10 18
without precond.  without precond. without precond. without precond. without precond. without precond.

® Rows: 2 profiling technologies

® Columns/subcolumns: Different objectives F/measure of convergence and number of iterations
to converge

® Points: For treatment ¢, z; = (;,y;) with x; value of (i) = D(f,v) (1st subcolumn) or
number of iterations (2nd subcolumn) without preconditioning and y; with preconditioning

® Colors: treatments

— Points below the diagonal: PGD provides a better minimum or converges faster



Conclusion

Conclusion:
e Mirror Descent on Py (R?)
Preconditioned Gradient Descent on Py (R?)

e Convergence analysis of the discrete schemes

Also in the paper: analysis of the Bregman Forward-Backward scheme

Perspectives:
e Better understand sufficient conditions of convergence for PGD
e Find more examples satisfying the conditions

e Analyze the Gaussian MD scheme

21 /21



Conclusion

Conclusion:
e Mirror Descent on Py (R?)
e Preconditioned Gradient Descent on Py(R?)

e Convergence analysis of the discrete schemes

Also in the paper: analysis of the Bregman Forward-Backward scheme

Perspectives:
e Better understand sufficient conditions of convergence for PGD
e Find more examples satisfying the conditions

e Analyze the Gaussian MD scheme

Thank you for your attention!
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