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Motivations

Let Po(RY) = {u € P(RY), [|z|} du(z) < oo}, F : Pa(RY) — R.

Goal:
. F
ueP:(rll?d) (1) J

Many applications in Machine Learning:

Generative modeling

Sampling from v oc e~V (Wibisono, 2018)
e Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)
Modeling dynamic of population of cells (Schiebinger et al., 2019)



Generative Modeling

v: unknown distribution, access to samples y1,...y, ~ v

— Minimize a distance F(u) = D(u,v)

Example of divergences

o F(u) = SMMD?(u,v) (Arbel et al., 2019)
o F(p) = KL(v||p)

o F(u) = KL(ps * p||ps * v) (Drifting (Deng et al., 2026; Cao et al., 2026; Turan
and Ovsjanikov, 2026))




Sampling
voce”V (eg. in Bayesian inference)

Goal: provide samples from v
— Minimize a distance F(u) = D(u,v) depending on V and p



Sampling

voce”V (eg. in Bayesian inference)

Goal: provide samples from v
— Minimize a distance F(u) = D(u,v) depending on V and p

Example of divergence
Fl) = KL(ellr) = [ Vu-+ 1) + ot

where H(p) = [log (p(z)) du(z) for i < Leb.

Methods:
e MCMC (Langevin...) (Wibisono, 2018)
e Variational Inference (Blei et al., 2017; Lambert et al., 2022)
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Gradient Descent on R
Let f:R? — R.

Goal: min,cge f(x) via gradient flow

da;

i —Vf(xy), x0=20



Gradient Descent on R

Let f:R? = R.
k=100
Goal: min,cge f(x) via gradient flow —descent| | |20
—flow
dz, 15
= V@), =10 N .
First algorithm: Proximal Point ’

V7 >0, Vk >0, 2441 =2, — TV (Tpt1) From (Bach, 2020)

1
= argmin — |z — zx||2 + 7 ()
reRd 2



Gradient Descent on R

Let f:RY - R.
k=100
Goal: min,cge f(x) via gradient flow —descent| | |20
\—flow
dz, 15
1 = V@), wmo=1o ?ﬂ\ *‘0
5

Main algorithm: Gradient Descent (GD)
V7 >0, Vk >0, 1 =2k — TV f(2)) From (Bach, 2020)

1
= argmin §||x — mkH% +7(Vf(xg),x — xp)
r€ER4



Gradient Descent on R
Let f:R? — R.

k=100
Goal: min,cge f(x) via gradient flow

—descent 20

—flow
dxt 15
T =-Vf(xs), x0=20 o

Main algorithm: Gradient Descent (GD)

V7 >0, Vk >0, 1 =2k — TV f(2)) From (Bach, 2020)

1
= argmin §||x — ka% +7(Vf(xg),x — xp)
r€ER4

Convergence Analysis

o f Bsmooth —> flaks1) < F(ax) — HIVI@IE = Flar) — Sllzres — 2ell

e f B-smooth and a-convex — f(zx) — f(z*) < ‘t—ko‘llmo —z*||3

Reminder:

e f B-smooth <= Vz,y € R%, f(z) - fly) — (Vf(¥),z —y) < Lz — yll3

2
e f a-convex <— f — a% convex
— °/
25



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Properties:
e ¢ convex = dg(z,y) >0 for all z,y € R?
o ¢ strictly convex = “dy(z,y) =0 <= z=y"
o For ¢(z) = 3llz3, dy(z,y) = 3llz —ylI3

ﬁz?



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Mirror Descent (MD) algorithm:

Vk >0, zr41 = argmin dg(x, zk) + 7(Vf(xk), 2 — x8)
z€eR4

=V¢* (Vo(zr) — 7V f(z))
with ¢*(y) = sup, (z,y) — ¢(x), Vo* = (V) L.

ﬁz?



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Mirror Descent (MD) algorithm:

Vk >0, zr41 = argmin dg(x, zk) + 7(Vf(xk), 2 — x8)
z€eR4

= V¢* (Vo(zr) — TV f (k)

Convergence analysis (Lu et al., 2018)

e f [-smooth relative to ¢, i.e. df(z,y) < Bdg(x,y) (equivalently ¢ — f convex)
= f(zr+1) < flaw) — Bdy(zk, Trt1)

e f [-smooth and a-convex relative to ¢, i.e. ady(z,y) < df(z,y) (equivalently
f — a¢ convex) = f(xy) — f(z*) < %dd,(x*,xo)
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Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let u,v € Po(RY) and denote by IT(u, ) the set of coupling between s, v. Then,
the Wasserstein distance is

Wi =_nt [ lle =yl drte.p)

ﬁz?



Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let i, € P2(R?) and denote by II(u,v) the set of coupling between p,v. Then,
the Wasserstein distance is

) = / I - ylIZ dy(z, ).

yEI(p,v)

Properties:

o W, distance, (P2(R%), Wy): Wasserstein space

* Wa(dz,dy) = [lz — yll2

* Brenier’'s theorem: If u < Leb, then there exists a unique T}, such that
L (T))pp=v, ie if X ~p, T)(X)~v

2. Wap,v) = [l = Ti(@)lI3 du(z) = |I1d = T}||72(,,,

e For n < Leb, W3(p,v) < [T} — Th |22,

¢ Riemannian structure



Riemannian Structure of the Wasserstein Space
e Geodesics between y < Leb and v € Py(RY):

vt € [0,1], p = ((1—)Id +tT}) ,p

®/2s



Riemannian Structure of the Wasserstein Space
e Geodesics between y < Leb and v € Py(RY):

vt e [0,1], = ((1—t)Id+ tTZ)#u
e Tangent space at ;1 € Po(R?) (Ambrosio et al., 2005):
TuP2(RY) = {V, ¥ € C=(RT)} € L (),
where L?() = {f € R* = RY, [ [|f(2)]13 du(x) < oo}.




Wasserstein Gradient (Ambrosio et al., 2005)
Definition (Wasserstein gradient (Bonnet, 2019))

Let p € Po(R?). Vw,F(u) : R — R? € L2(u) is a Wasserstein gradient of F at
w if for any v € P»(R?) and any optimal coupling v € TI, (i, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).




Wasserstein Gradient (Ambrosio et al., 2005)

Definition (Wasserstein gradient (Bonnet, 2019))

Let 1 € Po(R%). Vw,F(p): R? — R% € L?(u) is a Wasserstein gradient of F at
w if for any v € P»(R?) and any optimal coupling v € TI, (i, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

Properties:
e There is a unique gradient in 7, Pa(R?) (Lanzetti et al., 2022, Proposition 2.5)
e Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any

v € I(p,v),

Fv) = Flw) + / (Vo F)(2),y —2) dv(z,9) + <\/ / e — w13 dy(e, y>>

In particular, for v = (Id, T) 4 u,
F(Typ) = F(p) + (Vw, F (1), T = Id) 2y + o(IT = 1d||£2(y)) /_l

—9/25




Wasserstein Gradient

Example of functionals

e Potential energies V(u) = [ Vdu: For V differentiable and L-smooth,

o Interaction energies W(p) = 5 [[ W(z —y) du(z)du(y): For W even,
differentiable and L-smooth,

Negative entropy

H(p) = [log (pu(x)) du(z) for i < Leb not Wo-differentiable but can consider
subgradients under regularity assumptions:

Vo € RY, Vw, H(u)(x) = Viogp,(z)




JKO Scheme (Jordan et al., 1998)

The implicit scheme:

1
pr = argmin W3 (u, ) + F () = J (1)
uePy(Re) 2T

— used in generative modeling (Fan et al., 2022; Choi et al., 2024)
— Hard to compute

11/25



JKO Scheme (Jordan et al., 1998)

The implicit scheme:

1
pr = argmin W3 (u, ) + F () = J (1)
uePy(Re) 2T

— used in generative modeling (Fan et al., 2022; Choi et al., 2024)
— Hard to compute

o If i € Paac(RY), equivalent to (by Brenier's theorem)

Tir1 = argminge 2, 52117 = I1dl[72(,,, ) + F(Typn)
prr1 = (Tra1) g

e Forany T € L*(uy),

1
J(p) < EHT - Id“%zwk) + F(Typr) = Jpu (T)

o If F(u) = D(p||v): source-fixed Unbalanced OT problem
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JKO Scheme (Jordan et al., 1998)

The implicit scheme:

1
pr = argmin W3 (u, ) + F () = J (1)
uePy(Re) 2T

— used in generative modeling (Fan et al., 2022; Choi et al., 2024)
— Hard to compute

o If i € Paac(RY), equivalent to (by Brenier's theorem)

Th+1 = argminge () 37 IT = 1d|1Z5,, ) + F(Tapr)
pra1 = (Tro1)spn

e Forany T € L*(uy),

1
J(p) < E”T - Id“%zwk) + F(Typr) = Jpu (T)

o If F(u) = D(p||v): source-fixed Unbalanced OT problem

WGD: Linearize F around p, with coupling v = (Id, T) 4 p

11/25



Wasserstein Gradient Descent
Wasserstein Gradient Descent:

Tht1 = argminrere,,) 3 LT - Id||L2 )+ T(Vw, F(pr), T —1d) 124,
1 = (Tho1)gehin

Taking the FOC: Ty 1 = Id — 7V, F(ur)

T, Po(RY) C L*(ju) 2]

\Ik+1 = Id — 7V, F ()
i

Prs1 = (Thon)pttn

Py(RY)

12/25



Wasserstein Gradient Descent in Practice

=5 [[We - dudut), W= EE -1
Particle approximation:
o fio =% diey 0g0 where 2 ~ g
e At each iteration k, e DD
e Approximate Ty41 =Id — TVWQ}'(uk) =Id— [VW( —vy) da(y)
¢ Update particles: Vi € {1,..., n}, of T =Ty, (aF)

N\

\.\. S/./.—,/
.. .:
— 0/ o\ \\.

RN

AR >



Wasserstein Gradient Descent in Practice

1
=5 [[We - dudut), W= EE -1
Particle approximation:

o jig= 121 N owherex ~ L
e At each iteration k, fp=L1%"

7,13:

e Approximate Ty41 =Id — TVWQ}'(uk) =1d - fVW( —y) dij(y)
o Update particles: Vi € {1,...,n}, zF*! = Tk 1(zh)
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Mirror Descent (Bonet et al., 2024)

Study schemes of the form

Tk+1 = argminTeB(M) d(T, Id) + T<VW2.F(Mk), T — Id>L2(P4k)
prr1 = (Tra1) ik,

and provide convergence conditions.

Considered divergences:

e For d(T,Id) = 3T — Id/7>(,,: Wasserstein gradient descent

e Fordy,(T,Id) = ¢,(T) — ¢u(Id) — (V¢,(Id), T —1d) 12(,) (Bregman
divergence on L?(u)): extends Mirror Descent (Beck and Teboulle, 2003) to

e For d(T,1d) = [ h(T(z) — ) du(z): extends Preconditioned Gradient
Descent (Maddlson et aI 2021) to Po(R?).

14/25



Background on L?(1)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ¢, : L?(1) = R be convex. The Bregman divergence is defined for all
T,S € L?(p) as

dflm (T,S) = ¢M(T) - ¢M(S) - <V¢M(S)v T- S>L2(u)~

o If $u(T) = 51Tl 2. o, (T,8) = 31T — Sl
* We call ¢, pushforward compatible if there exists ¢ : Po(R?) — R such that

Vi € P2(R?), VT € L*(1), $u(T) = ¢(Typr)-
In this case,
Véu(T) = Vw,¢(Tgp) o T



Mirror Descent on the Wasserstein Space

Let ¢,, : L?(p) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tr41 = argmingeyz(,,) d%k (T,1d) + 7(Vw, F(ur), T — Id) 2 (u,)
Pit1 = (Tho1) stk

By FOC: Vo, (Thy1) = Vo, (Id) — 7Vw, F (1)



Mirror Descent on the Wasserstein Space

Let ¢,, : L?(p) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tri = argminTeLz(#k) d¢uk (T, Id) —+ T<Vw2f(uk), T — Id>L2(/Mc)
k1 = (Tro1)phin.

By FOC: V¢, (Tit1) = Vo, (Id) — 7Vw, F (1)

Computing the scheme:
o For ¢,(T) = [V oT du, Tgy1 =VV*o (VV = 7Vw, F(x))
e For ¢, pushforward compatible (i.e. ¢, (T) = ¢(Typu) with ¢ : Po(R?) — R):

Vw,¢(trt1) © Terr = Vw, d(px) — 7Vw, F (k)

In general: implicit in Tx41; — Newton method



Relative Convexity and Smoothness
Let ¢, %, : L?(1) — R convex, F,G : Po(RY) — R.

Relative smoothness/convexity on L?(u)

* ¢, is B-smooth relative to ¢, if for all T,S € L?(u), dg, (T, S) < Bdy, (T, S).
* ¢, is a-convex relative to 1), if for all T,S € L?(u), dy, (T,S) > ady, (T,S).




Relative Convexity and Smoothness
Let ¢, %, : L?(1) — R convex, F,G : Po(RY) — R.

Relative smoothness/convexity on L?(u)

* ¢, is B-smooth relative to ¢, if for all T,S € L?(u), dg, (T, S) < Bdy, (T, S).
* ¢, is a-convex relative to 1), if for all T,S € L?(u), dy, (T,S) > ady, (T,S).

Define F,(T) = F(T 1), G, (T) = G(T4p0).

Relative smoothness/convexity on P,(R%)

Relative smoothness/convexity along a curve p; = (T4)4p with
Ty = (1—-t)S+tT forall t € [0,1], T,S € L?(p).

e F (-smooth relative to G along t +— p; if Vs, t € [0,1],
dg (Ts, T¢) < Bdg, (Ts, T¢)

e F a-convex relative to G along ¢ — p; if Vs, t € [0, 1],

d]j—“(Ts,Tt) Z Oédé“(Ts,Tt) \

P
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Descent Lemma
Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tk-i—l = argminTeB(uk) d¢'uk (T, Id) + T<Vw2]:(ﬂk), T — Id>L2(pk)
prt1 = (Tho1)spn-

Proposition (Descent Lemma)
Assumptions:
e Forall k>0, F is 3-smooth relative to ¢ along t — ((1 —t)Id + tTk+1)#uk,
i.e. d]:-uk (Tr+1,1d) < Bdg,, (Trt1,1d) for Fu(T) = F(Typ).
Then, for all k > 0,

F(prt1) < Fu) — Bdg,, (Id, Trt1).

v




Descent Lemma

Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tri = argminTeLz(#k) d¢uk (T, Id) + T<Vw2f(uk), T — Id>L2(Hk)
Hk+1 = (Tk+1)#/ik~

Assumptions: Let > 0,o > 0 and Tgﬁ;’* = argminy,,, —,+ dg,, (T,1d).
o F f-smooth relative to ¢ along t — ((1 —t)Id + tTkH)#,uk
o F a-convex relative to ¢ along t — ((1 —t)Id + tT”’“’”*) ks

by #

e Assume dg,, (Tgﬁ;u*kaH) >dg,, ., (T“k-%—hﬂ*’ld)

Pugia

Then, for all k > 1, F(ux) = F(u*) < 552y, (T4, 1d).

v




Showing Relative Smoothness and Convexity

Smoothness and convexity of F : Po(R%) — R relative to ¢ : Po(RY) — R?
— In general: look at the hessian



Showing Relative Smoothness and Convexity

Smoothness and convexity of F : Po(R%) — R relative to ¢ : Po(RY) — R?
— In general: look at the hessian

Particular cases where it is simpler' For V,U W,K :RY - R,
o Let F(pu) = [Vdu and ¢(p) = [Udp:

V' B-smooth relative to U =—> F [-smooth relative to ¢
V' a-convex relative to U = F «-convex relative to ¢

o Let F(u) = [[ W(z —y) dp(z)du(y) and ¢(p) = [[ K(z —y) dp(z)dp(y):

W B-smooth relative to K = F [-smooth relative to ¢

W a-convex relative to K = JF «-convex relative to ¢

e For F=G+H, dﬁ# = dgu + dg“ and F 1-convex relative to G and H



Mirror Descent on Interaction Energy
Goal: Let X € ST (R) possibly ill-conditioned,

. 1 1
mln W(u / W(x —y) du(z)du(y) with W(z) = Z||z||§_1 - §||z||%_1
Bregman potential: ¢,(T) = [[ K(T(z) — T(y)) du(z)du(y) with
Ko(z) = guzn%, K§<z> - §||z||é_1,

1 1 1 1
Ki(2) = glzlz + 5 ll=l3,  K3(2) = Zllzllz + Slzl5%1
4 2 4 2



Mirror Descent on Gaussian
Goal:

1
min F(u /Vdu—!—?—[( ) with V(z) = ixTZ_lx
m

— minimum p* = N(0,%).
Comparison between:
e Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)

e Preconditioned Forward-Backward (PFB) scheme with ¢(u deu
e NEM: MD with ¢(u) = H(u) and restriction to Gaussian

21/25



Convexity on the Wasserstein Space

Issue: Lot of functionals of interest are not convex on Py(R?)

* F(p) = 3MMD* (1, v)
© Fp) = 3 Wi(u,v)
o F(u) = KL(u||v) for v not log-concave

Given k : R? x R? — R a (positive definite) kernel,

F(1) = SMMD (1) = 5 [ [ k) dlo = v) (@)l = 1))
— 5 [ e du)ut) - [ Vi) dua) + c.
where V(z) = [k(z,y) dv(y), C = 5 [[ k(z,y) dv(z)dv(y).

— not convex (Arbel et al., 2019)



Difference-of-Convex Case

Goal: minimize

If G is convex along t — ((1 —¢)Id + tT)#u,

F(Typ) < F(Typ) — G(p) — (Vw,G(1), T — 1d) L2y

Wasserstein Convex Concave Procedure (CCCP)

Tiy1 = argmin F(Tuur) — (Vw,G k), T —Id)22¢u)s  Mkr1 = (Tran)pitn-
TeL?(pk)




Difference-of-Convex Case

Goal: minimize

If G is convex along t — ((1 —¢)Id + tT)#u,

F(Typ) < F(Typ) — G(p) — (Vw,G(1), T — 1d) L2y

Wasserstein Convex Concave Procedure (CCCP)

Tiy1 = argmin F(Tuur) — (Vw,G k), T —Id)22¢u)s  Mkr1 = (Tran)pitn-
TeL?(pk)

Equivalent to:
Tt = argmin dg (T,1d) + F(Ty )
TeL?(ux)

= argmin dﬁu (T,Id) + (Vw,F(uk), T — Id>L2(#k)
TeL?(uk) F



DC Decomposition of MMD
DC decomposition for k(z,y) = e~ 17=vl3/(2h) — y(z — y):

W(2) =14 (2) — ¥—(2) = cosh(||z]|3/(2h)) — sinh(]]z]13/(2h))

24/25



DC Decomposition of MMD

DC decomposition for k(z,y) = e~ 17=vl2/(2h) = (2 — y):

W(2) =14 (2) — ¥—(2) = cosh(||z]|3/(2h)) — sinh(]]z]13/(2h))

{f(u) = L [y (x —y) dp(@)dp(y) + [f - (z —y) dv(y)du(z)
G(p) =3 [[v-(z—y) du(z)dp(y) + [[ ¥ (z —y) dv(y)du(z)

; " WGD WCCCP (Luu) WCCCP (ours)
100 5
WGD 25 25 25
1071 o —— WCCCP (ours) ¢ 3 . .
—— WCCCP (Luu et al, 2024) 2
b 1074 15 15 15
=
S 1074 0 10 J 0
1074 o s d 5 "‘? 5 *
0 ‘ 0 ﬁ 0 #‘
105 o
77— 5 -5 -5
0 02 04 06 08 1 12 14 16 18 2 0 10 20 30 0 10 20 30 0 10 20 30

Iterations (x10°)



DC Decomposition of MMD
DC decomposition for k(z,y) = e~ 17=vl3/(2h) — y(z — y):

W(2) =14 (2) — ¥—(2) = cosh(||z]|3/(2h)) — sinh(]]z]13/(2h))

{f(u) = L [y (x —y) dp(@)dp(y) + [f - (z —y) dv(y)du(z)
G(p) =3 [[v-(z—y) du(z)dp(y) + [[ ¥ (z —y) dv(y)du(z)

. WGD 2 WCCCP (Luu) WCCCP (ours)
— WGD
1071 o 8 =
—— WCCCP (ours) ° 20 . = ...v,-
102 —— WCCCP (Luu et al, 2024) | 15 " L2
D 1024 4 {;pﬁ;’. St
s 10 10 \ R it
= 1074 o 5 Z s
7 ] e
1075 s e 2 A 2
0 . 0
f 5 ;
1076 o 4
O‘Z 0‘4 0‘5 O‘E -575 o 5 10 15 20 25 -575 0 5 10 15 20 25 -50 -25 00 25 50 75 100

Iterations (x10°)
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Conclusion

Conclusion:

e Lifting optimization algorithms to Py(RY)
— Mirror descent
— Preconditioned Gradient Descent
— Convex-Concave Procedure

e Convergence analysis of the discrete schemes

Perspectives:
e Analyze the Gaussian MD scheme (as Variational Inference)
e Adaptative DC Algorithms



Conclusion

Conclusion:

e Lifting optimization algorithms to Py(RY)
— Mirror descent
— Preconditioned Gradient Descent
— Convex-Concave Procedure

e Convergence analysis of the discrete schemes

Perspectives:
e Analyze the Gaussian MD scheme (as Variational Inference)
e Adaptative DC Algorithms

Thank you!
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