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Motivations

Let P2(Rd) = {µ ∈ P(Rd),
∫
∥x∥22 dµ(x) <∞}, F : P2(Rd) → R.

Goal:
min

µ∈P2(Rd)
F(µ)

Many applications in Machine Learning:

• Generative modeling

• Sampling from ν ∝ e−V (Wibisono, 2018)

• Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)

• Modeling dynamic of population of cells (Schiebinger et al., 2019)
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Generative Modeling

ν: unknown distribution, access to samples y1, . . . yn ∼ ν

→ Minimize a distance F(µ) = D(µ, ν)

Example of divergences

• F(µ) = 1
2MMD2(µ, ν) (Arbel et al., 2019)

• F(µ) = KL(ν||µ)
• F(µ) = KL(φσ ∗ µ||φσ ∗ ν) (Drifting (Deng et al., 2026; Cao et al., 2026; Turan
and Ovsjanikov, 2026))
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Sampling
ν ∝ e−V (e.g. in Bayesian inference)

Goal: provide samples from ν
→ Minimize a distance F(µ) = D(µ, ν) depending on V and µ

Example of divergence

F(µ) = KL(µ||ν) =
∫
V dµ+H(µ) + cst,

where H(µ) =
∫
log
(
µ(x)

)
dµ(x) for µ≪ Leb.

Methods:

• MCMC (Langevin...) (Wibisono, 2018)

• Variational Inference (Blei et al., 2017; Lambert et al., 2022)
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Gradient Descent on Rd
Let f : Rd → R.

Goal: minx∈Rd f(x) via gradient flow

dxt
dt

= −∇f(xt), x0 = x0

From (Bach, 2020)

Convergence Analysis

• f β-smooth =⇒ f(xk+1) ≤ f(xk)− 1
2β ∥∇f(xk)∥22 = f(xk)− β

2 ∥xk+1 − xk∥22
• f β-smooth and α-convex =⇒ f(xk)− f(x∗) ≤ β−α

2k ∥x0 − x∗∥22

Reminder:
• f β-smooth ⇐⇒ ∀x, y ∈ Rd, f(x)− f(y)− ⟨∇f(y), x− y⟩ ≤ β

2 ∥x− y∥22
• f α-convex ⇐⇒ f − α

∥·∥2
2

2 convex
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Gradient Descent on Rd
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First algorithm: Proximal Point

∀τ > 0, ∀k ≥ 0, xk+1 = xk − τ∇f(xk+1)

= argmin
x∈Rd

1

2
∥x− xk∥22 + τf(x)

From (Bach, 2020)

Convergence Analysis

• f β-smooth =⇒ f(xk+1) ≤ f(xk)− 1
2β ∥∇f(xk)∥22 = f(xk)− β

2 ∥xk+1 − xk∥22
• f β-smooth and α-convex =⇒ f(xk)− f(x∗) ≤ β−α

2k ∥x0 − x∗∥22

Reminder:
• f β-smooth ⇐⇒ ∀x, y ∈ Rd, f(x)− f(y)− ⟨∇f(y), x− y⟩ ≤ β

2 ∥x− y∥22
• f α-convex ⇐⇒ f − α

∥·∥2
2

2 convex

5/25

5/25



Gradient Descent on Rd
Let f : Rd → R.

Goal: minx∈Rd f(x) via gradient flow

dxt
dt

= −∇f(xt), x0 = x0

Main algorithm: Gradient Descent (GD)
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Mirror Descent on Rd (Beck and Teboulle, 2003)
If f not β-smooth: no guarantees for GD → change geometry

Definition (Bregman Divergence)

Let ϕ : Rd → R be convex, then the Bregman divergence is defined as

∀x, y ∈ Rd, dϕ(x, y) = ϕ(x)− ϕ(y)− ⟨∇ϕ(y), x− y⟩.

Mirror Descent (MD) algorithm:

∀k ≥ 0, xk+1 = argmin
x∈Rd

dϕ(x, xk) + τ⟨∇f(xk), x− xk⟩

= ∇ϕ∗
(
∇ϕ(xk)− τ∇f(xk)

)
Convergence analysis (Lu et al., 2018)

• f β-smooth relative to ϕ, i.e. df (x, y) ≤ βdϕ(x, y) (equivalently βϕ− f convex)
=⇒ f(xk+1) ≤ f(xk)− βdϕ(xk, xk+1)

• f β-smooth and α-convex relative to ϕ, i.e. αdϕ(x, y) ≤ df (x, y) (equivalently

f − αϕ convex) =⇒ f(xk)− f(x∗) ≤ β−α
k dϕ(x

∗, x0)

6/25

6/25



Mirror Descent on Rd (Beck and Teboulle, 2003)
If f not β-smooth: no guarantees for GD → change geometry

Definition (Bregman Divergence)
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Properties:
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2∥x∥22, dϕ(x, y) = 1
2∥x− y∥22
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Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let µ, ν ∈ P2(Rd) and denote by Π(µ, ν) the set of coupling between µ, ν. Then,
the Wasserstein distance is

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y).

Properties:

• W2 distance, (P2(Rd),W2): Wasserstein space

• W2(δx, δy) = ∥x− y∥2
• Brenier’s theorem: If µ≪ Leb, then there exists a unique Tνµ such that

1. (Tν
µ)#µ = ν, i.e. if X ∼ µ, Tν

µ(X) ∼ ν
2. W2

2(µ, ν) =
∫
∥x− Tν

µ(x)∥22 dµ(x) = ∥Id− Tν
µ∥2L2(µ)

• For η ≪ Leb, W2
2(µ, ν) ≤ ∥Tµη − Tνη∥2L2(η)

• Riemannian structure
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Riemannian Structure of the Wasserstein Space
• Geodesics between µ≪ Leb and ν ∈ P2(Rd):

∀t ∈ [0, 1], µt =
(
(1− t)Id + tTνµ

)
#
µ
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Riemannian Structure of the Wasserstein Space
• Geodesics between µ≪ Leb and ν ∈ P2(Rd):

∀t ∈ [0, 1], µt =
(
(1− t)Id + tTνµ

)
#
µ

• Tangent space at µ ∈ P2(Rd) (Ambrosio et al., 2005):

TµP2(R
d) = {∇ψ, ψ ∈ C∞

c (Rd)} ⊂ L2(µ),

where L2(µ) = {f ∈ Rd → Rd,
∫
∥f(x)∥22 dµ(x) <∞}.
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Wasserstein Gradient (Ambrosio et al., 2005)

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) : Rd → Rd ∈ L2(µ) is a Wasserstein gradient of F at

µ if for any ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.
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Wasserstein Gradient (Ambrosio et al., 2005)

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) : Rd → Rd ∈ L2(µ) is a Wasserstein gradient of F at

µ if for any ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

Properties:
• There is a unique gradient in TµP2(Rd) (Lanzetti et al., 2022, Proposition 2.5)
• Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any
γ ∈ Π(µ, ν),

F(ν) = F(µ)+

∫
⟨∇W2

F(µ)(x), y−x⟩ dγ(x, y)+ o
(√∫

∥x− y∥22 dγ(x, y)

)
.

In particular, for γ = (Id,T)#µ,

F(T#µ) = F(µ) + ⟨∇W2F(µ),T− Id⟩L2(µ) + o(∥T− Id∥L2(µ))
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Wasserstein Gradient

Example of functionals

• Potential energies V(µ) =
∫
V dµ: For V differentiable and L-smooth,

∇W2
V(µ) = ∇V

• Interaction energies W(µ) = 1
2

∫∫
W (x− y) dµ(x)dµ(y): For W even,

differentiable and L-smooth,

∇W2
W(µ) = ∇W ⋆ µ

Negative entropy

H(µ) =
∫
log
(
pµ(x)

)
dµ(x) for µ≪ Leb not W2-differentiable but can consider

subgradients under regularity assumptions:

∀x ∈ Rd, ∇W2
H(µ)(x) = ∇ log pµ(x)
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JKO Scheme (Jordan et al., 1998)
The implicit scheme:

µk+1 = argmin
µ∈P2(Rd)

1

2τ
W2

2(µ, µk) + F(µ) = J(µ)

→ used in generative modeling (Fan et al., 2022; Choi et al., 2024)
→ Hard to compute

Remark

• If µ ∈ P2,ac(Rd), equivalent to (by Brenier’s theorem){
Tk+1 = argminT∈L2(µk)

1
2τ ∥T− Id∥2L2(µk)

+ F(T#µk)

µk+1 = (Tk+1)#µk

• For any T ∈ L2(µk),

J(µ) ≤ 1

2τ
∥T− Id∥2L2(µk)

+ F(T#µk) = Jµk
(T)

• If F(µ) = D(µ||ν): source-fixed Unbalanced OT problem

WGD: Linearize F around µk with coupling γ = (Id,T)#µk
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Wasserstein Gradient Descent
Wasserstein Gradient Descent:{

Tk+1 = argminT∈L2(µk)
1
2∥T− Id∥2L2(µk)

+ τ⟨∇W2
F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk

Taking the FOC: Tk+1 = Id− τ∇W2
F(µk)
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Wasserstein Gradient Descent in Practice

F(µ) =
1

2

∫∫
W (x− y) dµ(x)dµ(y), W (z) =

∥z∥42
4

− ∥z∥22
2

Particle approximation:
• µ̂0 = 1

n

∑n
i=1 δx0

i
where x0i ∼ µ0

• At each iteration k, µ̂nk = 1
n

∑n
i=1 δxk

i

• Approximate Tk+1 = Id− τ∇W2
F(µ̂nk ) = Id−

∫
∇W (· − y) dµ̂nk (y)

• Update particles: ∀i ∈ {1, . . . , n}, xk+1
i = Tk+1(x

k
i )
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Mirror Descent (Bonet et al., 2024)

Study schemes of the form{
Tk+1 = argminT∈L2(µk)

d(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk,

and provide convergence conditions.

Considered divergences:

• For d(T, Id) = 1
2∥T− Id∥2L2(µ): Wasserstein gradient descent

• For dϕµ
(T, Id) = ϕµ(T)− ϕµ(Id)− ⟨∇ϕµ(Id),T− Id⟩L2(µ) (Bregman

divergence on L2(µ)): extends Mirror Descent (Beck and Teboulle, 2003) to
P2(Rd).

• For d(T, Id) =
∫
h
(
T(x)− x

)
dµ(x): extends Preconditioned Gradient

Descent (Maddison et al., 2021) to P2(Rd).
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Background on L2(µ)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ϕµ : L2(µ) → R be convex. The Bregman divergence is defined for all
T,S ∈ L2(µ) as

dϕµ
(T,S) = ϕµ(T)− ϕµ(S)− ⟨∇ϕµ(S),T− S⟩L2(µ).

• If ϕµ(T) =
1
2∥T∥2L2(µ), dϕµ

(T,S) = 1
2∥T− S∥2L2(µ)

• We call ϕµ pushforward compatible if there exists ϕ : P2(Rd) → R such that

∀µ ∈ P2(R
d), ∀T ∈ L2(µ), ϕµ(T) = ϕ(T#µ).

In this case,
∇ϕµ(T) = ∇W2ϕ(T#µ) ◦ T
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Mirror Descent on the Wasserstein Space

Let ϕµ : L2(µ) → R be strictly convex, proper and differentiable.

Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

By FOC: ∇ϕµk
(Tk+1) = ∇ϕµk

(Id)− τ∇W2
F(µk)

Computing the scheme:

• For ϕµ(T) =
∫
V ◦ T dµ, Tk+1 = ∇V ∗ ◦

(
∇V − τ∇W2

F(µk)
)

• For ϕµ pushforward compatible (i.e. ϕµ(T) = ϕ(T#µ) with ϕ : P2(Rd) → R):

∇W2ϕ(µk+1) ◦ Tk+1 = ∇W2ϕ(µk)− τ∇W2F(µk)

In general: implicit in Tk+1 → Newton method
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Computing the scheme:

• For ϕµ(T) =
∫
V ◦ T dµ, Tk+1 = ∇V ∗ ◦

(
∇V − τ∇W2

F(µk)
)

• For ϕµ pushforward compatible (i.e. ϕµ(T) = ϕ(T#µ) with ϕ : P2(Rd) → R):

∇W2ϕ(µk+1) ◦ Tk+1 = ∇W2ϕ(µk)− τ∇W2F(µk)

In general: implicit in Tk+1 → Newton method
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Relative Convexity and Smoothness
Let ϕµ, ψµ : L2(µ) → R convex, F ,G : P2(Rd) → R.

Relative smoothness/convexity on L2(µ)

• ϕµ is β-smooth relative to ψµ if for all T,S ∈ L2(µ), dϕµ
(T,S) ≤ βdψµ

(T,S).

• ϕµ is α-convex relative to ψµ if for all T,S ∈ L2(µ), dϕµ
(T,S) ≥ αdψµ

(T,S).

Define F̃µ(T) = F(T#µ), G̃µ(T) = G(T#µ).

Relative smoothness/convexity on P2(Rd)

Relative smoothness/convexity along a curve µt = (Tt)#µ with
Tt = (1− t)S + tT for all t ∈ [0, 1], T,S ∈ L2(µ).

• F β-smooth relative to G along t 7→ µt if ∀s, t ∈ [0, 1],

dF̃µ
(Ts,Tt) ≤ βdG̃µ

(Ts,Tt)

• F α-convex relative to G along t 7→ µt if ∀s, t ∈ [0, 1],

dF̃µ
(Ts,Tt) ≥ αdG̃µ

(Ts,Tt)
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Descent Lemma

Let ϕµ : L2(µ) → R be strictly convex, proper and differentiable.

Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

Proposition (Descent Lemma)

Assumptions:

• For all k ≥ 0, F is β-smooth relative to ϕ along t 7→
(
(1− t)Id + tTk+1

)
#
µk,

i.e. dF̃µk
(Tk+1, Id) ≤ βdϕµk

(Tk+1, Id) for F̃µ(T) = F(T#µ).

Then, for all k ≥ 0,

F(µk+1) ≤ F(µk)− βdϕµk
(Id,Tk+1).
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Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2

F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

Proposition

Assumptions: Let β > 0, α ≥ 0 and Tµk,µ
∗

ϕµk
= argminT#µk=µ∗ dϕµk

(T, Id).

• F β-smooth relative to ϕ along t 7→
(
(1− t)Id + tTk+1

)
#
µk

• F α-convex relative to ϕ along t 7→
(
(1− t)Id + tTµk,µ

∗

ϕµk

)
#
µk

• Assume dϕµk
(Tµk,µ

∗

ϕµk
,Tk+1) ≥ dϕµk+1

(T
µk+1,µ

∗

ϕµk+1
, Id)

Then, for all k ≥ 1, F(µk)−F(µ∗) ≤ β−α
k dϕµ0

(Tµ0,µ
∗

ϕµ0
, Id).
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Showing Relative Smoothness and Convexity

Smoothness and convexity of F : P2(Rd) → R relative to ϕ : P2(Rd) → R?
→ In general: look at the hessian

Particular cases where it is simpler: For V,U,W,K : Rd → R,

• Let F(µ) =
∫
V dµ and ϕ(µ) =

∫
Udµ:

V β-smooth relative to U =⇒ F β-smooth relative to ϕ

V α-convex relative to U =⇒ F α-convex relative to ϕ

• Let F(µ) =
∫∫

W (x− y) dµ(x)dµ(y) and ϕ(µ) =
∫∫

K(x− y) dµ(x)dµ(y):

W β-smooth relative to K =⇒ F β-smooth relative to ϕ

W α-convex relative to K =⇒ F α-convex relative to ϕ

• For F = G +H, dF̃µ
= dG̃µ

+ dH̃µ
and F 1-convex relative to G and H
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Mirror Descent on Interaction Energy
Goal: Let Σ ∈ S++

d (R) possibly ill-conditioned,

min
µ

W(µ) =

∫∫
W (x− y) dµ(x)dµ(y) with W (z) =

1

4
∥z∥4Σ−1 − 1

2
∥z∥2Σ−1

Bregman potential: ϕµ(T) =
∫∫

K
(
T(x)− T(y)

)
dµ(x)dµ(y) with

K2(z) =
1

2
∥z∥22, KΣ

2 (z) =
1

2
∥z∥2Σ−1 ,

K4(z) =
1

4
∥z∥42 +

1

2
∥z∥22, KΣ

4 (z) =
1

4
∥z∥4Σ−1 +

1

2
∥z∥2Σ−1 .

Time (             )⌧ · iter

<latexit sha1_base64="bUjzMaehFMlwhuEaptBVcqh0BbI="></latexit>

ccW(µt)

<latexit sha1_base64="T+Eu/E3AyDvo6maGBZlYKRExNQk="></latexit>

K2

<latexit sha1_base64="QoZozI5dFjURf2n40BrtnJDkB0Q="></latexit>

K2

<latexit sha1_base64="QoZozI5dFjURf2n40BrtnJDkB0Q="></latexit>

K⌃
2

<latexit sha1_base64="FPVYQQ5qkaa6ZFCYlgrgvekkIW0="></latexit>

K4

<latexit sha1_base64="W9SOijt16sHOfreVSnb7I6jEe28="></latexit>

K⌃
4

<latexit sha1_base64="qN4omzJEc9ad3Fcd2jbBCf6l84I="></latexit>

t

<latexit sha1_base64="+i1wmHNBPUVUVuPd1PTXAhoHIe8="></latexit>

K⌃
2

<latexit sha1_base64="FPVYQQ5qkaa6ZFCYlgrgvekkIW0="></latexit>
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Mirror Descent on Gaussian
Goal:

min
µ

F(µ) =

∫
V dµ+H(µ) with V (x) =

1

2
xTΣ−1x

→ minimum µ⋆ = N (0,Σ).

Comparison between:
• Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)
• Preconditioned Forward-Backward (PFB) scheme with ϕ(µ) =

∫
V dµ

• NEM: MD with ϕ(µ) = H(µ) and restriction to Gaussian

Time (             )⌧ · iter

<latexit sha1_base64="bUjzMaehFMlwhuEaptBVcqh0BbI="></latexit>

NEM (ours) 
PFB (ours) 
FB

KL(µt||µ?)

<latexit sha1_base64="q/ONnt/gk9nxN83t+hmz62B8eiQ="></latexit>
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Convexity on the Wasserstein Space

Issue: Lot of functionals of interest are not convex on P2(Rd)

Examples

• F(µ) = 1
2MMD2(µ, ν)

• F(µ) = 1
2W

2
2(µ, ν)

• F(µ) = KL(µ||ν) for ν not log-concave

Given k : Rd × Rd → R a (positive definite) kernel,

F(µ) =
1

2
MMD2(µ, ν) =

1

2

∫∫
k(x, y) d(µ− ν)(x)d(µ− ν)(y)

=
1

2

∫∫
k(x, y) dµ(x)dµ(y)−

∫
V (x) dµ(x) + C,

where V (x) =
∫
k(x, y) dν(y), C = 1

2

∫∫
k(x, y) dν(x)dν(y).

→ not convex (Arbel et al., 2019)
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Difference-of-Convex Case
Goal: minimize

F(µ) = F(µ)− G(µ)

If G is convex along t 7→
(
(1− t)Id + tT

)
#
µ,

F(T#µ) ≤ F(T#µ)− G(µ)− ⟨∇W2
G(µ),T− Id⟩L2(µ)

Wasserstein Convex Concave Procedure (CCCP)

Tk+1 = argmin
T∈L2(µk)

F(T#µk)− ⟨∇W2
G(µk),T− Id⟩L2(µk), µk+1 = (Tk+1)#µk.

Equivalent to:

Tk+1 = argmin
T∈L2(µk)

dG̃µk
(T, Id) + F(T#µk)

= argmin
T∈L2(µk)

dF̃µk
(T, Id) + ⟨∇W2

F(µk),T− Id⟩L2(µk)
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DC Decomposition of MMD
DC decomposition for k(x, y) = e−∥x−y∥2

2/(2h) = ψ(x− y):

ψ(z) = ψ+(z)− ψ−(z) = cosh
(
∥z∥22/(2h)

)
− sinh

(
∥z∥22/(2h)

)
F(µ) = F(µ)− G(µ) + C,

{
F(µ) = 1

2

∫∫
ψ+(x− y) dµ(x)dµ(y) +

∫∫
ψ−(x− y) dν(y)dµ(x)

G(µ) = 1
2

∫∫
ψ−(x− y) dµ(x)dµ(y) +

∫∫
ψ+(x− y) dν(y)dµ(x)
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Conclusion

Conclusion:

• Lifting optimization algorithms to P2(Rd)
→ Mirror descent
→ Preconditioned Gradient Descent
→ Convex-Concave Procedure

• Convergence analysis of the discrete schemes

Perspectives:

• Analyze the Gaussian MD scheme (as Variational Inference)

• Adaptative DC Algorithms

Thank you!
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