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Motivations

Let Po(RY) = {u € P(RY), [|z|} du(z) < oo}, F : Pa(RY) — R.

Goal:
. F
uepzl(rll?d) (1) J

Applications:

Generative modeling

Sampling from v oc e~V (Wibisono, 2018)
e Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)
Modeling dynamic of population of cells (Schiebinger et al., 2019)



Generative Modeling

v: unknown distribution, access to samples y1, ...y, ~ v

— Minimize a distance F(u) = D(u,v)

Example of divergences

* F(p) = gMMD* (1, v)
o F(p) = KL(v[|p)
o Fp) = 3Wi(u,v)




Sampling

voce”V (eg. in Bayesian inference)

Goal: provide samples from v
— Minimize a distance F(u) = D(u,v) depending on V and p

Example of divergence
Fl) = KL(ellr) = [ Vu-+ 1) + ot

where H(p) = [log (p(z)) du(z) for i < Leb.

Methods:
e MCMC (Langevin...) (Wibisono, 2018)
e Variational Inference (Blei et al., 2017; Lambert et al., 2022)
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Gradient Descent on R?
Let f:R? — R.
Goal: min,cra f(z)
Main algorithm: Gradient Descent (GD)
V7 >0, Vk >0, 2441 =2, — TV f(2k)

1
= argmin §||x - xk||g +7(Vf(ag),z — xk)
rcRd
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Gradient Descent on R?
Let f:R? — R.
Goal: min,cra f(z)
Main algorithm: Gradient Descent (GD)
V7 >0, Vk >0, 2441 =2, — TV f(2k)

1
= argmin — ||z — xk||§ +7(Vf(ag),z — xk)
rcRd 2

Convergence Analysis

Reminder:
o fis frsmooth <= ¥a,y € R% f(2) ~ Jy) ~ (VS(3), 2 ) < olle o3

112
e fis a-convex <— f — aw is convex

= Yo,y eRY (&)~ F6) ~ (Vi@w)w—9) > Sl — g}

ﬁz?



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

ﬁz



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Properties:
e ¢ convex = dg(z,y) >0 for all z,y € R?
o ¢ strictly convex = dy(z,y) =0 <= z =y
o For ¢(z) = 3|13, ds(z,y) = 3llz —ylI3

ﬁz?



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Mirror Descent (MD) algorithm:

Vk >0, zr41 = argmin dg(x, zk) + 7(Vf(xk), 2 — x8)
z€eR4

=V¢* (Vo(zr) — 7V f(z))
with ¢*(y) = sup, (z,y) — ¢(x), Vo* = (V) L.

ﬁz?



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R — R be convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Mirror Descent (MD) algorithm:

Vk >0, zr41 = argmin dg(x, zk) + 7(Vf(xk), 2 — x8)
z€eR4

= V¢* (Vo(zr) — TV f (k)

Convergence analysis (Lu et al., 2018)

e f [-smooth relative to ¢, i.e. df(z,y) < Bdg(x,y) (equivalently ¢ — f convex)
= f(zr+1) < flaw) — Bdy(zk, Trt1)

e f [-smooth and a-convex relative to ¢, i.e. ady(z,y) < df(z,y) (equivalently
f — a¢ convex) = f(xy) — f(z*) < %dd,(x*,xo)

ﬁ/‘;
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Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let i, v € Po(R?) and denote by IT(j, v) the set of coupling between p, v. Then,
the Wasserstein distance is

) = / I - 92 dy(z, ).
YETI(p,v)

ﬁz?



Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let 1, v € Po(R?) and denote by II(y, ) the set of coupling between 1, v. Then,
the Wasserstein distance is

) = / I - 92 dy(z, ).
YETI(p,v)

Properties:
o W, distance, (P2(R%), W5): Wasserstein space
e Brenier's theorem: If ;i < Leb, then there exists a unique TZ such that
L (T))pp=v, ie if X ~p, T)(X) ~v
2. Wi(p,v) = [ |l = Ti(2)l3 du(z) = [I1d — Ty [1Zz

¢ Riemannian structure

ﬁz?



Riemannian Structure of the Wasserstein Space
e Geodesics between y < Leb and v € Py(RY):

vt € [0,1], p = ((1—)Id +tT}) ,p




Riemannian Structure of the Wasserstein Space
e Geodesics between y < Leb and v € Py(RY):

vt € [0,1], p = ((1—)Id +tT}) ,p
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Riemannian Structure of the Wasserstein Space
e Geodesics between y < Leb and v € Py(RY):

vt e [0,1], = ((1—t)Id+ tTZ)#u
e Tangent space at ;1 € Po(R?) (Ambrosio et al., 2005):
TuP2(RY) = {V, ¥ € C=(RT)} € L (),
where L?() = {f € R* = RY, [ [|f(2)]13 du(x) < oo}.

ﬁz



Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let u € Po(R?). Vw, F(u) € L?(u) is a Wasserstein gradient of F at y if for any
v € P2(R?) and any optimal coupling v € I, (x, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

If such a gradient exists, then we say that F is Wo-differentiable at u.

ﬁ;?



Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let p € P2(RY). Vw,F (1) € L?(p) is a Wasserstein gradient of F at y if for any
v € P2(R?) and any optimal coupling v € I, (x, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

If such a gradient exists, then we say that F is Wo-differentiable at u.

Properties:

e There is a unique gradient in 7, Pa(R?) (Lanzetti et al., 2022, Proposition 2.5)
e Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any

v € I(p, v),

F(v) Zf(u)+/<Vw2f( )(@),y—z) dy(z,y) + <\// |z — ylI3 dy(z y))

In particular, for v = (Id, T) x4,
F(Typ) = F(p) + (Vw, F (1), T — Id) 2(y + o([|T — Id[[ ()

ﬁ/‘;




Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let u € Po(R?). Vw, F(u) € L?(u) is a Wasserstein gradient of F at y if for any
v € P2(R?) and any optimal coupling v € I, (x, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

If such a gradient exists, then we say that F is Wo-differentiable at u.

Example of functionals

e Potential energies V(u) = [ Vdu: For V differentiable and L-smooth,
Vw, V(1) =VV
e Interaction energies W(u) = 3 [[ W(z —y) du(z)du(y): For W even,

differentiable and L—smooth

VW2W(IU’) =VWp )

ﬁz?




Wasserstein Gradient Descent
Wasserstein Gradient Descent:

Tht1 = argminrere,,) 3 LT - Id||L2 )+ T(Vw, F(pr), T —1d) 124,
1 = (Tho1)gehin

Taking the FOC: Ty 1 = Id — 7V, F(ur)

T, Po(RY) C L*(ju) 2]

\Ik+1 = Id — 7V, F ()
i

Prs1 = (Thon)pttn

Py(RY)

ﬁz?



Wasserstein Gradient Descent in Practice

=5 [[We - dudut), W= EE -1
Particle approximation:
o fio =% diey 0g0 where 2 ~ g
e At each iteration k, e DD
e Approximate Ty41 =Id — TVWQ}'(uk) =Id— [VW( —vy) da(y)
¢ Update particles: Vi € {1,..., n}, of T =Ty, (aF)

N\

\.\. S/./.—,/
.. .:
— 0/ o\ \\.

RN

ARRIN >



Wasserstein Gradient Descent in Practice

1
=5 [[We - dudut), W= EE -1
Particle approximation:

o jig= 121 N owherex ~ L
e At each iteration k, fp=L1%"

7,13:

e Approximate Ty41 =Id — TVWQ}'(uk) =1d - fVW( —y) dij(y)
o Update particles: Vi € {1,...,n}, zF*! = Tk 1(zh)
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Mirror Descent (Bonet et al., 2024)

Study schemes of the form

Tk+1 = argminTeB(M) d(T, Id) + T<VW2.F(Mk), T — Id>L2(P4k)
prr1 = (Tra1) ik,

and provide convergence conditions.

Considered divergences:

e For d(T,Id) = 3T — Id/7>(,,: Wasserstein gradient descent

e Fordy,(T,Id) = ¢,(T) — ¢u(Id) — (V¢,(Id), T —1d) 12(,) (Bregman
divergence on L?(u)): extends Mirror Descent (Beck and Teboulle, 2003) to

e For d(T,1d) = [ h(T(z) — ) du(z): extends Preconditioned Gradient
Descent (Maddlson et aI 2021) to Po(R?).

11/22



Background on L?(1)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ¢, : L?(1) = R be convex. The Bregman divergence is defined for all
T,S € L?(p) as

dflm (T,S) = ¢M(T) - ¢M(S) - <V¢M(S)v T- S>L2(u)~

o If $u(T) = 51Tl 2. o, (T,8) = 31T — Sl
* We call ¢, pushforward compatible if there exists ¢ : Po(R?) — R such that

Vi € P2(R?), VT € L*(1), $u(T) = ¢(Typr)-
In this case,
Véu(T) = Vw,¢(Tgp) o T

12/22



Mirror Descent on the Wasserstein Space

Let ¢,, : L?(p) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tr41 = argmingeyz(,,) d%k (T,1d) + 7(Vw, F(ur), T — Id) 2 (u,)
Pit1 = (Tho1) stk

By FOC: Vo, (Thy1) = Vo, (Id) — 7Vw, F (1)



Mirror Descent on the Wasserstein Space

Let ¢,, : L?(p) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tri = argminTeLz(#k) d¢uk (T, Id) —+ T<Vw2f(uk), T — Id>L2(/Mc)
k1 = (Tro1)phin.

By FOC: V¢, (Tit1) = Vo, (Id) — 7Vw, F (1)

Computing the scheme:
o For ¢,(T) = [V oT du, Tgy1 =VV*o (VV = 7Vw, F(x))
e For ¢, pushforward compatible (i.e. ¢, (T) = ¢(Typu) with ¢ : Po(R?) — R):

Vw,¢(trt1) © Terr = Vw, d(px) — 7Vw, F (k)

In general: implicit in Tx41; — Newton method

ﬁz



Descent Lemma
Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tk-i—l = argminTeB(uk) d¢'uk (T, Id) + T<Vw2]:(ﬂk), T — Id>L2(pk)
prt1 = (Tho1)spn-

Proposition (Descent Lemma)
Assumptions:
e Forall k>0, F is 3-smooth relative to ¢ along t — ((1 —t)Id + tTk+1)#uk,
i.e. d]:-uk (Tr+1,1d) < Bdg,, (Trt1,1d) for Fu(T) = F(Typ).
Then, for all k > 0,

F(prt1) < Fu) — Bdg,, (Id, Trt1).
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Descent Lemma

Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:

Tri = argminTeLz(#k) d¢uk (T, Id) + T<Vw2f(uk), T — Id>L2(Hk)
Hk+1 = (Tk+1)#/ik~

Assumptions: Let > 0,o > 0 and Tgﬁ;’* = argminy,,, —,+ dg,, (T,1d).
o F f-smooth relative to ¢ along t — ((1 —t)Id + tTkH)#,uk
o F a-convex relative to ¢ along t — ((1 —t)Id + tT”’“’”*) ks

by #

e Assume dg,, (Tgﬁ;u*kaH) >dg,, ., (T“k-%—hﬂ*’ld)

Pugia

Then, for all k > 1, F(ux) = F(u*) < 552y, (T4, 1d).

14/22



Mirror Descent on Interaction Energy
Goal: Let X € ST (R) possibly ill-conditioned,

. 1 1
mln W(u / W(x —y) du(z)du(y) with W(z) = Z||z||§_1 - §||z||%_1
Bregman potential: ¢,(T) = [[ K(T(z) — T(y)) du(z)du(y) with
Ko(z) = guzn%, K§<z> - §||z||é_1,

1 1 1 1
Ki(2) = glzlz + 5 ll=l3,  K3(2) = Zllzllz + Slzl5%1
4 2 4 2



Mirror Descent on Gaussian
Goal:

1
min F(u /Vdu—!—?—[( ) with V(z) = ixTZ_lx
m

— minimum p* = N(0,%).
Comparison between:
e Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)

e Preconditioned Forward-Backward (PFB) scheme with ¢(u deu
e NEM: MD with ¢(u) = H(u) and restriction to Gaussian
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Contributions

e Model datasets as P = & 30| 6, € Po(P2(R%)) where v = L 37 4,
o Flow a dataset P towards Q by minimizing a discrepancy D on P (P2(R%))

|




Wasserstein over Wasserstein Distance (\WoW)

Definition (WoW distance)

Let P,Q € P2 (P2(R?)) and denote by II(P,Q) the set of coupling between P, Q.
Then, the WoW distance is

W2, (P,Q) = rel®l o, /Wz p,v) dT(p, v).




Wasserstein over Wasserstein Distance (\WoW)

Definition (WoW distance)

Let P,Q € P2 (P2(R?)) and denote by II(P,Q) the set of coupling between P, Q.
Then, the WoW distance is

Wi (PQ = inf [ W) dUur),

Properties:

e Wy, distance, (P2(P2(R%)), Wy, ): WoW space
¢ Riemannian structure

e Can be rewritten (Bonet et al., 2025; Pinzi and Savaré, 2025):

Wi, P.Q) = _int [ Iy-al} drtz)d o),

’Y) = W%Vz(P7Q)}v ¢1(7) = 7771_'4_’}/ and (152('7) = 71'2

where A(P,Q) = { € P2(P2(RYxRY)), ¢}, =P, ¢%
Q, [fllz—yl3 dy(z,y)d (




WoW Gradient
Let F: Py(P2(RY)) — R.

Definition (WoW gradient)

Let P € P (P2(R?)). Vwy, F(P) € L?(P,TP(R%)) is a WoW gradient of F at P
if for any Q € P2(P2(RY)) and any € A(P,Q),

F(Q = F(P) + / / (Voo FP)(rhn) @),y — 2) dy(z,9)d () + oW, (P, Q)).

If such a gradient exists, then we say that F is Wyy,-differentiable at P.



WoW Gradient
Let F: Py(P2(RY)) — R.

Definition (WoW gradient)

Let P € P (P2(R?)). Vwy, F(P) € L?(P,TP(R%)) is a WoW gradient of F at P
if for any Q € P2(P2(RY)) and any € A(P,Q),

F(Q = F(P) + / / (Voo FP)(rhn) @),y — 2) dy(z,9)d () + oW, (P, Q)).

If such a gradient exists, then we say that F is Wyy,-differentiable at P.

Properties:
¢ Study of existence and uniqueness of V., F(P) in OF(P) N TpP2(P2(M))
e Strong differentials (i.e. we can choose non optimal )

ﬁz



WoW Gradient
Let F: Py(P2(RY)) — R.

Definition (WoW gradient)

Let P € P5(P2(R)). Vwy, F(P) € L*(P,TP5(R?)) is a WoW gradient of F at P
if for any Q € P2(P2(RY)) and any € A(P,Q),

F(Q = F(P) + / / (Voo FP)(rhn) @),y — 2) dy(z,9)d () + oW, (P, Q)).

If such a gradient exists, then we say that F is Wyy,-differentiable at P.

Example of functionals

e Potential energies V(P) = [ F(u)dP(u): For F : Po(RY) — R differentiable and
smooth,

Vww,V(P) = Vw,F

e Interaction energies W(P) = [[ W(u,v) dP(u)dP(v): For W differentiable and
smooth,

WP)(p) = [ (ViW dpP

Vara, WP) (1) = [ (T1W(s,) + V2W (- ) \
‘19/22



WoW Gradient Descent

Forward scheme:

Vk Z 0, Pk+1 = eprk (— 7'V\7\/'W2 F(Pk))



WoW Gradient Descent

Forward scheme:

Vk Z 0, Pk+1 = eprk (— 7'V\7\/'W2 F(Pk))

In practice: For P, = L Y7 6 pom with pp™ = L3 Gge € Po(RY):

Vk >0, particle (image) i, class ¢, @1 = 2§ 1 — TVwy, F(Pr)(11") (25 1)

P..: inter-class interaction, ui’": intra-class interaction, x¢, image
,



Synthetic Data

F(P) = %MMD}(P, Q) = V(P) + W(P) + cst,

e JVPY= [V AP(n), V() = — [ K () dQ()
P) =3 Jf K(u,v) dP(u)dP(v)

e WoW gradient computed in closed-form or using auto-differentiation

e Kernel K based on the Sliced-Wasserstein distance

e Complexity: O(C?Lnlogn), P = z 25:1 Spemn, p& =130 16

Sliced-Wasserstein distance (Rabin et al., 2011; Bonneel et al., 2015):
1
SW2(p, :/ W2(PYu, Piv)do(0) ~ W2(P%p, P ),
)= [ Wi Ph)s(6) ~ 7 SO WA(Pgm Pi)

with 541 = {9 € RY, (0] = 1}, P*(2) = (2,0), 01,01 ~ o = Unif(54-1).

e Gaussian SW kernel: K (,v) = e=SWa(:)/h (Kolouri et al., 2016)
e Riesz SW kernel: K(u,v) = —SWa(u,v) P

e /2




Synthetic Data

F(P) = %MMD%(P, Q) = V(P) + W(P) + cst,

where {V<P> — [ V() dP(u), V(p) = — [ K(u,v) dQ(v)
W(P) = 1 [ K(u,v) dP(u)dP(v)

e WoW gradient computed in closed-form or using auto-differentiation
e Kernel K based on the Sliced-Wasserstein distance
e Complexity: O(C*Lnlogn), P =% S Spen, po = LS b

Goal: minp F(P) = LMMD?%(P,Q), where Q = 1 52 §,c.n, v ring.

Kx,y) = = Ix = yl2 K, v) = e~ SWita vz Ky, v) = — SWa(u, v)

OO0 OO0 OO0
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Synthetic Data

F(P) = %MMD%(P, Q) = V(P) + W(P) + cst,

where {V<P> — [ V() dP(u), V(p) = — [ K(u,v) dQ(v)
W(P) = 1 [ K(u,v) dP(u)dP(v)

e WoW gradient computed in closed-form or using auto-differentiation
e Kernel K based on the Sliced-Wasserstein distance
e Complexity: O(C*Lnlogn), P =% S Spen, po = LS b

Goal: minp F(P) = LMMD?%(P,Q), where Q = 1 52 §,c.n, v ring.

Kx,y) = = Ix = yl2 K, v) = e~ SWita vz Ky, v) = — SWa(u, v)

QOO OO0 OO0
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Conclusion

Conclusion:
Mirror and Preconditioned Gradient Descent on P2 (R%)
e Convergence analysis of the discrete schemes
Differential structure on (P2 (P2(R%)), Wy,)
Application to flowing labeled datasets (including images in the paper)

Perspectives:
e New schemes analyzed with Bregman divergences on P5(R%)
e Better understand the geometry of (P2(P2(R?)), Ww,)
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Conclusion

Conclusion:

e Mirror and Preconditioned Gradient Descent on Py (R%)

e Convergence analysis of the discrete schemes

Differential structure on (P2 (P2(R%)), Wy,)

Application to flowing labeled datasets (including images in the paper)

Perspectives:
e New schemes analyzed with Bregman divergences on P5(R%)
e Better understand the geometry of (P2(P2(R?)), Ww,)

Thank you!
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