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Motivations

Let P2(Rd) = {µ ∈ P(Rd),
∫
∥x∥22 dµ(x) <∞}, F : P2(Rd) → R.

Goal:
min

µ∈P2(Rd)
F(µ)

Applications:

• Generative modeling

• Sampling from ν ∝ e−V (Wibisono, 2018)

• Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)

• Modeling dynamic of population of cells (Schiebinger et al., 2019)
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Generative Modeling

ν: unknown distribution, access to samples y1, . . . yn ∼ ν

→ Minimize a distance F(µ) = D(µ, ν)

Example of divergences

• F(µ) = 1
2MMD2(µ, ν)

• F(µ) = KL(ν||µ)
• F(µ) = 1

2W
2
2(µ, ν)
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Sampling
ν ∝ e−V (e.g. in Bayesian inference)

Goal: provide samples from ν
→ Minimize a distance F(µ) = D(µ, ν) depending on V and µ

Example of divergence

F(µ) = KL(µ||ν) =
∫
V dµ+H(µ) + cst,

where H(µ) =
∫
log
(
µ(x)

)
dµ(x) for µ≪ Leb.

Methods:

• MCMC (Langevin...) (Wibisono, 2018)

• Variational Inference (Blei et al., 2017; Lambert et al., 2022)
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Gradient Descent on Rd
Let f : Rd → R.

Goal: minx∈Rd f(x)

Main algorithm: Gradient Descent (GD)

∀τ > 0, ∀k ≥ 0, xk+1 = xk − τ∇f(xk)

= argmin
x∈Rd

1

2
∥x− xk∥22 + τ⟨∇f(xk), x− xk⟩

From (Bach, 2020)
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Gradient Descent on Rd
Let f : Rd → R.

Goal: minx∈Rd f(x)

Main algorithm: Gradient Descent (GD)

∀τ > 0, ∀k ≥ 0, xk+1 = xk − τ∇f(xk)

= argmin
x∈Rd

1

2
∥x− xk∥22 + τ⟨∇f(xk), x− xk⟩

Convergence Analysis

• f β-smooth =⇒ f(xk+1) ≤ f(xk)− 1
2β ∥∇f(xk)∥22 = f(xk)− β

2 ∥xk+1 − xk∥22
• f β-smooth and α-convex =⇒ f(xk)− f(x∗) ≤ β−α

2k ∥x0 − x∗∥22

Reminder:

• f is β-smooth ⇐⇒ ∀x, y ∈ Rd, f(x)− f(y)− ⟨∇f(y), x− y⟩ ≤ β

2
∥x− y∥22

• f is α-convex ⇐⇒ f − α
∥ · ∥22
2

is convex

⇐⇒ ∀x, y ∈ Rd, f(x)− f(y)− ⟨∇f(y), x− y⟩ ≥ α

2
∥x− y∥22
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Mirror Descent on Rd (Beck and Teboulle, 2003)
If f not β-smooth: no guarantees for GD → change geometry

Definition (Bregman Divergence)

Let ϕ : Rd → R be convex, then the Bregman divergence is defined as

∀x, y ∈ Rd, dϕ(x, y) = ϕ(x)− ϕ(y)− ⟨∇ϕ(y), x− y⟩.

Mirror Descent (MD) algorithm:

∀k ≥ 0, xk+1 = argmin
x∈Rd

dϕ(x, xk) + τ⟨∇f(xk), x− xk⟩

= ∇ϕ∗
(
∇ϕ(xk)− τ∇f(xk)

)
Convergence analysis (Lu et al., 2018)

• f β-smooth relative to ϕ, i.e. df (x, y) ≤ βdϕ(x, y) (equivalently βϕ− f convex)
=⇒ f(xk+1) ≤ f(xk)− βdϕ(xk, xk+1)

• f β-smooth and α-convex relative to ϕ, i.e. αdϕ(x, y) ≤ df (x, y) (equivalently

f − αϕ convex) =⇒ f(xk)− f(x∗) ≤ β−α
k dϕ(x

∗, x0)
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Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let µ, ν ∈ P2(Rd) and denote by Π(µ, ν) the set of coupling between µ, ν. Then,
the Wasserstein distance is

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y).

Properties:

• W2 distance, (P2(Rd),W2): Wasserstein space

• Brenier’s theorem: If µ≪ Leb, then there exists a unique Tν
µ such that

1. (Tν
µ)#µ = ν, i.e. if X ∼ µ, Tν

µ(X) ∼ ν
2. W2

2(µ, ν) =
∫
∥x− Tν

µ(x)∥22 dµ(x) = ∥Id− Tν
µ∥2L2(µ)

• Riemannian structure
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Riemannian Structure of the Wasserstein Space
• Geodesics between µ≪ Leb and ν ∈ P2(Rd):

∀t ∈ [0, 1], µt =
(
(1− t)Id + tTν

µ

)
#
µ
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Riemannian Structure of the Wasserstein Space
• Geodesics between µ≪ Leb and ν ∈ P2(Rd):

∀t ∈ [0, 1], µt =
(
(1− t)Id + tTν

µ

)
#
µ

• Tangent space at µ ∈ P2(Rd) (Ambrosio et al., 2005):

TµP2(R
d) = {∇ψ, ψ ∈ C∞

c (Rd)} ⊂ L2(µ),

where L2(µ) = {f ∈ Rd → Rd,
∫
∥f(x)∥22 dµ(x) <∞}.
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Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) ∈ L2(µ) is a Wasserstein gradient of F at µ if for any

ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

If such a gradient exists, then we say that F is W2-differentiable at µ.
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Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) ∈ L2(µ) is a Wasserstein gradient of F at µ if for any

ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

If such a gradient exists, then we say that F is W2-differentiable at µ.

Properties:
• There is a unique gradient in TµP2(Rd) (Lanzetti et al., 2022, Proposition 2.5)
• Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any
γ ∈ Π(µ, ν),

F(ν) = F(µ)+

∫
⟨∇W2

F(µ)(x), y−x⟩ dγ(x, y)+ o
(√∫

∥x− y∥22 dγ(x, y)

)
.

In particular, for γ = (Id,T)#µ,

F(T#µ) = F(µ) + ⟨∇W2F(µ),T− Id⟩L2(µ) + o(∥T− Id∥L2(µ))
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Wasserstein Gradient

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) ∈ L2(µ) is a Wasserstein gradient of F at µ if for any

ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

If such a gradient exists, then we say that F is W2-differentiable at µ.

Example of functionals

• Potential energies V(µ) =
∫
V dµ: For V differentiable and L-smooth,

∇W2V(µ) = ∇V

• Interaction energies W(µ) = 1
2

∫∫
W (x− y) dµ(x)dµ(y): For W even,

differentiable and L-smooth,

∇W2
W(µ) = ∇W ⋆ µ
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Wasserstein Gradient Descent
Wasserstein Gradient Descent:{

Tk+1 = argminT∈L2(µk)
1
2∥T− Id∥2L2(µk)

+ τ⟨∇W2
F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk

Taking the FOC: Tk+1 = Id− τ∇W2
F(µk)
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Wasserstein Gradient Descent in Practice

F(µ) =
1

2

∫∫
W (x− y) dµ(x)dµ(y), W (z) =

∥z∥42
4

− ∥z∥22
2

Particle approximation:
• µ̂0 = 1

n

∑n
i=1 δx0

i
where x0i ∼ µ0

• At each iteration k, µ̂n
k = 1

n

∑n
i=1 δxk

i

• Approximate Tk+1 = Id− τ∇W2
F(µ̂n

k ) = Id−
∫
∇W (· − y) dµ̂n

k (y)
• Update particles: ∀i ∈ {1, . . . , n}, xk+1

i = Tk+1(x
k
i )
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Mirror Descent (Bonet et al., 2024)

Study schemes of the form{
Tk+1 = argminT∈L2(µk)

d(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk,

and provide convergence conditions.

Considered divergences:

• For d(T, Id) = 1
2∥T− Id∥2L2(µ): Wasserstein gradient descent

• For dϕµ
(T, Id) = ϕµ(T)− ϕµ(Id)− ⟨∇ϕµ(Id),T− Id⟩L2(µ) (Bregman

divergence on L2(µ)): extends Mirror Descent (Beck and Teboulle, 2003) to
P2(Rd).

• For d(T, Id) =
∫
h
(
T(x)− x

)
dµ(x): extends Preconditioned Gradient

Descent (Maddison et al., 2021) to P2(Rd).
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Background on L2(µ)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ϕµ : L2(µ) → R be convex. The Bregman divergence is defined for all
T,S ∈ L2(µ) as

dϕµ
(T,S) = ϕµ(T)− ϕµ(S)− ⟨∇ϕµ(S),T− S⟩L2(µ).

• If ϕµ(T) =
1
2∥T∥2L2(µ), dϕµ

(T,S) = 1
2∥T− S∥2L2(µ)

• We call ϕµ pushforward compatible if there exists ϕ : P2(Rd) → R such that

∀µ ∈ P2(R
d), ∀T ∈ L2(µ), ϕµ(T) = ϕ(T#µ).

In this case,
∇ϕµ(T) = ∇W2ϕ(T#µ) ◦ T
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Mirror Descent on the Wasserstein Space

Let ϕµ : L2(µ) → R be strictly convex, proper and differentiable.

Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

By FOC: ∇ϕµk
(Tk+1) = ∇ϕµk

(Id)− τ∇W2
F(µk)

Computing the scheme:

• For ϕµ(T) =
∫
V ◦ T dµ, Tk+1 = ∇V ∗ ◦

(
∇V − τ∇W2

F(µk)
)

• For ϕµ pushforward compatible (i.e. ϕµ(T) = ϕ(T#µ) with ϕ : P2(Rd) → R):

∇W2ϕ(µk+1) ◦ Tk+1 = ∇W2ϕ(µk)− τ∇W2F(µk)

In general: implicit in Tk+1 → Newton method
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Descent Lemma

Let ϕµ : L2(µ) → R be strictly convex, proper and differentiable.

Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

Proposition (Descent Lemma)

Assumptions:

• For all k ≥ 0, F is β-smooth relative to ϕ along t 7→
(
(1− t)Id + tTk+1

)
#
µk,

i.e. dF̃µk
(Tk+1, Id) ≤ βdϕµk

(Tk+1, Id) for F̃µ(T) = F(T#µ).

Then, for all k ≥ 0,

F(µk+1) ≤ F(µk)− βdϕµk
(Id,Tk+1).
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Descent Lemma

Let ϕµ : L2(µ) → R be strictly convex, proper and differentiable.

Mirror Descent scheme:{
Tk+1 = argminT∈L2(µk)

dϕµk
(T, Id) + τ⟨∇W2

F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk.

Proposition

Assumptions: Let β > 0, α ≥ 0 and Tµk,µ
∗

ϕµk
= argminT#µk=µ∗ dϕµk

(T, Id).

• F β-smooth relative to ϕ along t 7→
(
(1− t)Id + tTk+1

)
#
µk

• F α-convex relative to ϕ along t 7→
(
(1− t)Id + tTµk,µ

∗

ϕµk

)
#
µk

• Assume dϕµk
(Tµk,µ

∗

ϕµk
,Tk+1) ≥ dϕµk+1

(T
µk+1,µ

∗

ϕµk+1
, Id)

Then, for all k ≥ 1, F(µk)−F(µ∗) ≤ β−α
k dϕµ0

(Tµ0,µ
∗

ϕµ0
, Id).
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Mirror Descent on Interaction Energy
Goal: Let Σ ∈ S++

d (R) possibly ill-conditioned,

min
µ

W(µ) =

∫∫
W (x− y) dµ(x)dµ(y) with W (z) =

1

4
∥z∥4Σ−1 − 1

2
∥z∥2Σ−1

Bregman potential: ϕµ(T) =
∫∫

K
(
T(x)− T(y)

)
dµ(x)dµ(y) with

K2(z) =
1

2
∥z∥22, KΣ

2 (z) =
1

2
∥z∥2Σ−1 ,

K4(z) =
1

4
∥z∥42 +

1

2
∥z∥22, KΣ

4 (z) =
1

4
∥z∥4Σ−1 +

1

2
∥z∥2Σ−1 .

Time (             )⌧ · iter

<latexit sha1_base64="bUjzMaehFMlwhuEaptBVcqh0BbI="></latexit>

ccW(µt)

<latexit sha1_base64="T+Eu/E3AyDvo6maGBZlYKRExNQk="></latexit>

K2

<latexit sha1_base64="QoZozI5dFjURf2n40BrtnJDkB0Q="></latexit>

K2

<latexit sha1_base64="QoZozI5dFjURf2n40BrtnJDkB0Q="></latexit>

K⌃
2

<latexit sha1_base64="FPVYQQ5qkaa6ZFCYlgrgvekkIW0="></latexit>

K4

<latexit sha1_base64="W9SOijt16sHOfreVSnb7I6jEe28="></latexit>

K⌃
4

<latexit sha1_base64="qN4omzJEc9ad3Fcd2jbBCf6l84I="></latexit>

t

<latexit sha1_base64="+i1wmHNBPUVUVuPd1PTXAhoHIe8="></latexit>

K⌃
2

<latexit sha1_base64="FPVYQQ5qkaa6ZFCYlgrgvekkIW0="></latexit>
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Mirror Descent on Gaussian
Goal:

min
µ

F(µ) =

∫
V dµ+H(µ) with V (x) =

1

2
xTΣ−1x

→ minimum µ⋆ = N (0,Σ).

Comparison between:
• Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)
• Preconditioned Forward-Backward (PFB) scheme with ϕ(µ) =

∫
V dµ

• NEM: MD with ϕ(µ) = H(µ) and restriction to Gaussian

Time (             )⌧ · iter

<latexit sha1_base64="bUjzMaehFMlwhuEaptBVcqh0BbI="></latexit>

NEM (ours) 
PFB (ours) 
FB

KL(µt||µ?)

<latexit sha1_base64="q/ONnt/gk9nxN83t+hmz62B8eiQ="></latexit>
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Contributions

• Model datasets as P = 1
C

∑C
c=1 δνc ∈ P2

(
P2(Rd)

)
where νc = 1

n

∑n
i=1 δxc

i

• Flow a dataset P towards Q by minimizing a discrepancy D on P2

(
P2(Rd)

)
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Wasserstein over Wasserstein Distance (WoW)

Definition (WoW distance)

Let P,Q ∈ P2

(
P2(Rd)

)
and denote by Π(P,Q) the set of coupling between P,Q.

Then, the WoW distance is

W2
W2

(P,Q) = inf
Γ∈Π(P,Q)

∫
W2

2(µ, ν) dΓ(µ, ν).

Properties:

• WW2
distance, (P2

(
P2(Rd)

)
,WW2

): WoW space

• Riemannian structure

• Can be rewritten (Bonet et al., 2025; Pinzi and Savaré, 2025):

W2
W2

(P,Q) = inf
Γ∈Λ(P,Q)

∫∫
∥y − x∥22 dγ(x, y)dΓ(γ),

where Λ(P,Q) = {Γ ∈ P2

(
P2(Rd × Rd)

)
, ϕ1#Γ = P, ϕ2#Γ =

Q,
∫∫

∥x− y∥22 dγ(x, y)dΓ(γ) = W2
W2

(P,Q)}, ϕ1(γ) = π1
#γ and ϕ2(γ) = π2

#γ.
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WoW Gradient
Let F : P2

(
P2(Rd)

)
→ R.

Definition (WoW gradient)

Let P ∈ P2

(
P2(Rd)

)
. ∇WW2

F(P) ∈ L2(P, TP2(Rd)) is a WoW gradient of F at P
if for any Q ∈ P2

(
P2(Rd)

)
and any Γ ∈ Λ(P,Q),

F(Q) = F(P) +
∫∫

⟨∇W2
F(P)(π1

#γ)(x), y − x⟩ dγ(x, y)dΓ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2
-differentiable at P.
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WoW Gradient
Let F : P2

(
P2(Rd)

)
→ R.

Definition (WoW gradient)

Let P ∈ P2

(
P2(Rd)

)
. ∇WW2

F(P) ∈ L2(P, TP2(Rd)) is a WoW gradient of F at P
if for any Q ∈ P2

(
P2(Rd)

)
and any Γ ∈ Λ(P,Q),

F(Q) = F(P) +
∫∫

⟨∇W2
F(P)(π1

#γ)(x), y − x⟩ dγ(x, y)dΓ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2
-differentiable at P.

Properties:
• Study of existence and uniqueness of ∇WW2

F(P) in ∂F(P) ∩ TPP2

(
P2(M)

)
• Strong differentials (i.e. we can choose non optimal Γ)
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WoW Gradient
Let F : P2

(
P2(Rd)

)
→ R.

Definition (WoW gradient)

Let P ∈ P2

(
P2(Rd)

)
. ∇WW2

F(P) ∈ L2(P, TP2(Rd)) is a WoW gradient of F at P
if for any Q ∈ P2

(
P2(Rd)

)
and any Γ ∈ Λ(P,Q),

F(Q) = F(P) +
∫∫

⟨∇W2
F(P)(π1

#γ)(x), y − x⟩ dγ(x, y)dΓ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2
-differentiable at P.

Example of functionals

• Potential energies V(P) =
∫
F(µ)dP(µ): For F : P2(Rd) → R differentiable and

smooth,
∇WW2

V(P) = ∇W2
F

• Interaction energies W(P) =
∫∫

W(µ, ν) dP(µ)dP(ν): For W differentiable and
smooth,

∇WW2
W(P)(µ) =

∫ (
∇1W(µ, ·) +∇2W(·, µ)

)
dP
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WoW Gradient Descent
Forward scheme:

∀k ≥ 0, Pk+1 = expPk

(
− τ∇WW2

F(Pk)
)

In practice: For Pk = 1
C

∑C
c=1 δµc,n

k
with µc,n

k = 1
n

∑n
i=1 δxc

i,k
∈ P2(Rd):

∀k ≥ 0, particle (image) i, class c, xci,k+1 = xci,k − τ∇WW2
F(Pk)(µ

c,n
k )(xci,k).

Pk: inter-class interaction, µ
c,n
k : intra-class interaction, xci,k image
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Synthetic Data

F(P) =
1

2
MMD2

K(P,Q) = V(P) + W(P) + cst,

where

{
V(P) =

∫
V(µ) dP(µ), V(µ) = −

∫
K(µ, ν) dQ(ν)

W(P) = 1
2

∫∫
K(µ, ν) dP(µ)dP(ν)

• WoW gradient computed in closed-form or using auto-differentiation
• Kernel K based on the Sliced-Wasserstein distance
• Complexity: O(C2Ln log n), P = 1

C

∑C
c=1 δµc,n , µc,n = 1

n

∑n
i=1 δxi

Sliced-Wasserstein distance (Rabin et al., 2011; Bonneel et al., 2015):

SW2
2(µ, ν) =

∫
Sd−1

W2
2(P

θ
#µ, P

θ
#ν)dσ(θ) ≈

1

L

L∑
ℓ=1

W2
2(P

θℓ
# µ, P θℓ

# ν),

with Sd−1 = {θ ∈ Rd, ∥θ∥2 = 1}, P θ(x) = ⟨x, θ⟩, θ1, . . . , θL ∼ σ = Unif(Sd−1).

• Gaussian SW kernel: K(µ, ν) = e−SW2
2(µ,ν)/h (Kolouri et al., 2016)

• Riesz SW kernel: K(µ, ν) = −SW2(µ, ν)
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Goal: minP F(P) = 1
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K(P,Q), where Q = 1
3

∑3
c=1 δνc,n , νc,n ring.
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Conclusion

Conclusion:

• Mirror and Preconditioned Gradient Descent on P2(Rd)

• Convergence analysis of the discrete schemes

• Differential structure on (P2

(
P2(Rd)

)
,WW2

)

• Application to flowing labeled datasets (including images in the paper)

Perspectives:

• New schemes analyzed with Bregman divergences on P2(Rd)

• Better understand the geometry of (P2

(
P2(Rd)

)
,WW2)

Thank you!
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