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Motivations
Let Po(RY) = {u € P(RY), [|lz|3 du(z) < oo}, F : Pa(RY) — R.

Goal:

Applications:

e Generative modeling

e Sampling from v oc e~V (Wibisono, 2018)

e Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)

D(p,v)
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Detour by R?



Gradient Descent on R

Let f:R* = R. _

—descent 20

Goal: min,cre f(x) — flow
15
Main algorithm: Gradient Descent (GD) N ‘10
5
V7 >0, VE>0, Tpi1 = xf — ’TVf(ZL'k)

From (Bach, 2020)

= argmin —||:z: - xk|\2 +7(Vf(xg),x —xk)
reRd



Gradient Descent on R
. pd
Let f:R? — R. e
Goal: minxeRd f(ﬂ;’) —descent| {20

—flow
15
Main algorithm: Gradient Descent (GD) "

5
V7 >0, Yk 20, Tpyr =z — va(xk) From (Bach, 2020)

= argmin —||:z: - kaQ +7(Vf(xg),x —xk)
reRd

Convergence Analysis

o f B-smooth = f(aks1) < flaw) = g5l V@3 = flar) = §lares —axl3
o f B-smooth and a-convex — f(x) — f(z*) < B2 52w — z*(|3

Reminder:

o f B-smooth <= Va,y € R%, f(x) = f(y) = (Vf(y),x —y) < Gl -yl
e f a-convex <— f — aMZ convex



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, Dy(z,y) = () — ¢(y) — (Vo(y),z — y).

Properties:
e ¢ convex = Dy(z,y) >0 for all z,y € R?
e ¢ strictly convex = "Dy(z,y) =0 <= z=y"
o For ¢(z) = 5ll2[3, Dy (,y) = 3z — yli3

ﬁ;ﬂ\



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be convex, then the Bregman divergence is defined as

Vz,y € RY, Dy(z,y) = () — ¢(y) — (Vo(y),z — y).

Mirror Descent (MD) algorithm:

Vk >0, zp41 = argmin Dy(z, z) + 7(Vf(zk), z — 2k)
z€R

=V¢* (Vo(xr) — 7V f(z1))
with ¢*(y) = sup, (z,y) — ¢(x), Vo* = (V) L.
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Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R — R be convex, then the Bregman divergence is defined as

Vz,y € RY, Dy(z,y) = () — ¢(y) — (Vo(y),z — y).

Mirror Descent (MD) algorithm:

Vk >0, xpy1 = argmin Dy(z, z) + 7(V f(zk), z — xk)
z€eR4

=Vo¢* (Vo(zr) — TV f(2r))

Convergence analysis (Lu et al., 2018)

e f [-smooth relative to ¢, i.e. Df(z,y) < BDg(x,y) (equivalently ¢ — f
convex) = f(zkt1) < f(zx) — BDy(wk, Tht1)

e f [-smooth and a-convex relative to ¢, i.e. aDy(z,y) < Dy(z,y) (equivalently

f — a¢ convex) = f(xx) — f(z*) < %D(z,(:c*,xo)

R EER——————




CCCP on R? (Yuille and Rangarajan, 2001)

f DC (i.e. difference-of-convex) if there exists f~, f* convex such that
f=ft-f

Remark: Every C! function with Lipschitz gradient is DC (Hiriart-Urruty, 1985)




CCCP on R? (Yuille and Rangarajan, 2001)

f DC (i.e. difference-of-convex) if there exists f~, f* convex such that
f=ft-f

Remark: Every C! function with Lipschitz gradient is DC (Hiriart-Urruty, 1985)

At iteration k, given xj, € RY,
f~convex = VxR, f(x) > f(zk) + (Vf (2k), 2 — 1)
<

s F(@) = FHE) - F (@) < FHE) — F (o) — (VS (@), — )



CCCP on R? (Yuille and Rangarajan, 2001)

f DC (i.e. difference-of-convex) if there exists f~, f* convex such that
f=ft-f

Remark: Every C! function with Lipschitz gradient is DC (Hiriart-Urruty, 1985)

At iteration k, given xj, € RY,
f~convex = VxR, f(x) > f(zk) + (Vf (2k), 2 — 1)
<

= flz) = fH2)— [ () < [T (@) = (@) — (V7 (@r), ¢ — )

Convex Concave Procedure (CCCP)

Vk >0, zpy1 = argmin f(z) — (Vf (zx),x — =)
z€R4

— Majorization-Minimization algorithm
— Objective convex at each iteration
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Wasserstein Gradient Flows



Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let u,v € Po(RY) and denote by II(u, v) the set of coupling between s, v. Then,
the Wasserstein distance is

Wi =_nt [ lle =yl drtaen)

ﬁ;ﬂ\



Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let i, € Po(R?) and denote by II(u, ) the set of coupling between i, v. Then,
the Wasserstein distance is

Wi =_nt [ lle =yl drtaen)

Properties:
e W, distance, (P2(R%), W5): Wasserstein space
* W3(de,6y) = llz — yll2

e Riemannian structure



Tangent Space on the Wasserstein Space

Tangent space at u € P2(R?) (Ambrosio et al., 2008):

T.P2(RY) = {Vy, ¢ € C(RY)} C L*(p),

where L?(p) = {f € R = R%, ['|[f(2)[3 du(z) < oo}.



Wasserstein Gradient (Ambrosio et al., 2008)
Definition (Wasserstein gradient (Bonnet, 2019))

Let p € Po(R?). Vw,F(u) : R — R? € L2(u) is a Wasserstein gradient of F at
w if for any v € P»(R?) and any optimal coupling v € TI, (i, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).




Wasserstein Gradient (Ambrosio et al., 2008)

Definition (Wasserstein gradient (Bonnet, 2019))

Let 1 € Po(R%). Vw,F(p): R? — R% € L?(u) is a Wasserstein gradient of F at
w if for any v € P»(R?) and any optimal coupling v € TI, (i, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

Properties:
e There is a unique gradient in 7, Pa(R?) (Lanzetti et al., 2022, Proposition 2.5)
e Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any

v € I(p,v),

Fv) = Flw) + / (Vo F)(2),y —2) dv(z,9) + <\/ / e — w13 dy(e, y>>

In particular, for v = (Id, T) 4 u,
F(Typ) = F(p) + (Vw, F (1), T = Id) 2y + o(IT = 1d||£2(y)) /_l

—W




Wasserstein Gradient (Ambrosio et al., 2008)

Definition (Wasserstein gradient (Bonnet, 2019))

Let p € Po(R?). Vw,F(u) : R — R? € L2(u) is a Wasserstein gradient of F at
w if for any v € P»(R?) and any optimal coupling v € TI, (i, v),

F) = Flu) + / (ForaF () @)r 9 — ) A1(@, ) - o(Walps, ).

Example of functionals

* Potential energies V(u) = [ Vdu: For V differentiable and L-smooth,
Vw, V(1) =VV
e Interaction energies W(u) = 5 [[ W(z — y) du(z)du(y): For W even,

differentiable and L—smooth




Wasserstein Gradient Descent
Wasserstein Gradient Descent:

Tht1 = argminrere,,) 3 LT - Id||L2 )+ T(Vw, F(pr), T —1d) 124,
1 = (Tho1)gehin

Taking the FOC: Ty 1 = Id — 7V, F(ur)

T, Po(RY) C L*(ju) 2]

\Ik+1 = Id — 7V, F ()
i

Prs1 = (Thon)pttn

Py(RY)



Wasserstein Gradient Descent in Practice

=5 [[We - dudut), W= EE -1
Particle approximation:
o fio =% diey 0g0 where 2 ~ g
e At each iteration k, e DD
e Approximate Ty41 =Id — TVWQ}'(uk) =Id—7 [VW( —y) di}(y)
¢ Update particles: Vi € {1,..., n}, of T =Ty, (aF)

N\

\.\. S/./.—,/
.. .:
— 0/ o\ \\.
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Wasserstein Gradient Descent in Practice

1
=5 [[We - dudut), W= EE -1
Particle approximation:

o jig= 121 N owherex ~ L
e At each iteration k, fp=L1%"

7,13:

e Approximate Ty41 =Id — TVWQ}'(uk) =1d - TfVW(~ —y) dig(y)
o Update particles: Vi € {1,...,n}, zF*! = Tk 1(zh)




Wasserstein Mirror Descent (Bonet et al., 2024)

Mirror Descent

{T,c 11 = argminpe 2,y D(T,1A) + 7(Vw, Flpr), T — Id) 2 )

prt1 = (Tho1)tin,

Considered divergences:
e For D(T,Id) = 3||IT — Id||%2(m: Wasserstein gradient descent

e For Dy, (T,1d) = ¢, (T) — ¢,(Id) — (V¢,(Id), T —Id) 12(,) (Bregman
divergence on L?(u)): extends Mirror Descent (Beck and Teboulle, 2003) to
Pa(RY).

Theoretical analysis: requires (relative) smoothness and convexity along curves
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Convexity



Background on L?(1)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ¢,, : L?(u) — R be convex. The Bregman divergence is defined for all
T,S € L?(u) as

Dy, (T,S) = ¢u(T) = ¢u(S) = (Vu(S), T = S)r2 ().

* If ¢u(T) = 51Tl 2(,y Do, (T,8) = 5lIT = S72,
e We call ¢,, pushforward compatible if there exists ¢ : P(R?) — R such that
Y € Po(RY), VT € L2 (1), ¢, (T) = d(Typ).

In this case,
Véu(T) = Vw,¢(Typ)o T

e Given F : Po(R%) — R, define the Bregman divergence associated to
Fu: T F(Typ) as

DZL(T,S) = F(Tup) — F(Sgp) — (Vw,F(Sgp) oS, T — S)r2(w)-

11/27



Convexity along a curve on Py(RY)
Let py = (Ty)gp with Ty = (1 —¢)S +¢T for all t € [0,1], T,S € L?(u).

Relative smoothness/convexity along ¢ —
e F [-smooth relative to G along t +— u; if Vs, t € [0,1],

D/ (Ts, Ty) < BDg(Ts, Tt)
e F a-convex relative to G along t — p if Vs, t € [0,1],
D' (T, T;) > aDg (T, Ty)

12/27



Convexity along a curve on Py(R?)

Let py = (Ty)gp with Ty = (1 —¢)S +¢T for all t € [0,1], T,S € L?(u).
Relative smoothness/convexity along ¢ —
e F (-smooth relative to G along t — p, if Vs, t € [0,1],

D%(Ts, Tt) < BDg(Ts, Tt)
F a-convex relative to G along t — p; if Vs, t € [0,1],
D' (T, T;) > aDg (T, Ty)

Total convexity

Let o > 0. A functional F : P2(R?) — R is a-totally convex if for all
€ Pa(RY), T,S € L2(p),

DA(T.$) 2 §IT - Sl = aDY(TS) for G0 = [ 4115
Equivalently, for all ¢ € [0,1],

F(((L— )8+ 1T) yu) < (1~ OF(Spm) + 1F(Tp) — oDy - Sl

IS eSS /7




Convex Functionals (Ambrosio et al., 2008, Chapter 9)

Example of Convex functionals

* Potential energies V(p) = [ Vdu with V' a-convex

am /V (1= HS(@) + #T(x)) d(a)
<(1-1) / V(S(2)) du(z) +t / V(T(x)) du(e)

)3 du
tl—t) .
< (1= t)V (o) + V(1) — 3 W3 (ko p1)
e Interaction energies W(u) = 3 [[ W (z — y) du(z)du(y) with W convex

o Negative entropy H(u) = fplogp with d,u pdLeb
o F(p) =KL(u||lv) = H(w) + [ Vdu + cst with v oc e~V log-concave

v




Functionals not Convex

Examples of functionals not convex (in general)

o F(u) = §W3(u,v): convex along only one curve
e KL with v non log-concave

e Maximum Mean Discrepancy (MMD) (Arbel et al., 2019)




Functionals not Convex

Examples of functionals not convex (in general)

F(u) = W3(u,v): convex along only one curve
KL with v non log-concave

Maximum Mean Discrepancy (MMD) (Arbel et al., 2019)

Given a kernel k : R x R? & R,

Fl) = 5MMD? (s, / / 2,9) d(u — v)(@)d(s - v)(©)

= Vi () + Wi (1) + cst,
with

Vel) = / V() du(e), Vi) = — / k(z,y) du(y),
= %/ k(z,y) dp(z)du(y).



DC Decomposition of the KL

Goal: Given F : Py(R?) — R, find F*+, F~ totally convex such that

Fp) = FF () = F ()



DC Decomposition of the KL

Goal: Given F : Py(R?) — R, find F*+, F~ totally convex such that

Fp) = FF () = F ()

For v x eV,
F(u) = KL(ul|v) = H(w) + / Vdy + ost J

If V DC, there exists VT, V'~ convex such that V = VT — V=, and we can write
Fp) =F*(p) = F (),

with
FH(u) =H(u)+/V+d,u+cst, F () :/V_du

— FT, F~ totally-convex



A first DC Decomposition of the MMD (Luu et al., 2024)

F (1) = $MMD? (1, v) = Vi) + Wi () + c(v) )

Assumptions:
e Lk L-smooth, i.e.

Vo, o' y,y € RY | Vk(z,y) — VR, 9 )lla < L(lle = 2'll2 + [ly — ¢/l]2)
e Choose a > L

A DC decomposition is given by:

“(0) = a [ NolB dnte) + 5 [[ Kw.0) du@)any) + ),

F () = / (all2ll2 — Vi(®)) dp(x)

— Ft, F~ totally convex



Other DC Decomposition of the MMD

F (1) = $MMD? (1, v) = Vi) + Wi () + c(v) )

Assumptions:

* k(z,y) =z —y)
o 1) =1, —1p_ with ¢, ,1)_ respectively o™, a™ > 0 convex

A DC decomposition is given by F(u) = F+(u) — F~(u) where

{ Fr(p) =3 [[y(z—y) du(@)du(y) + [V =du + c(v),
V()= [v_(-—y) dv(y)

{ F(w) =5 [[v—(z —y) du(x)du(y) + [ VTdy,
V() = [oe(-—y) dv(y)

— F+ F~ are respectively a™,a™ totally convex




Decomposition of v for Radial Kernels
2 possible decompositions for ¥(z) = ¢(||2]|3), ¢ : Ry — R:

1. Jordan decomposition: For A > max(0, —¢'(0)) (to ensure q4,q— /),

{q+ () = q(0) + (¢'(0) + A)a + [} (x — t) max (0,¢" (t)) dt,
q—(z) = Az — [ (z — t)min (0,¢"(t)) dt,

Gaussian kernel, i.e. g(z) = e=%/(2M)




Decomposition of v for Radial Kernels
2 possible decompositions for ¥(z) = ¢(||2]|3), ¢ : Ry — R:

1. Jordan decomposition: For A > max(0, —¢'(0)) (to ensure q4,q— /),

{q+ () = q(0) + (¢'(0) + A)a + [} (x — t) max (0,¢" (t)) dt,
q—(z) = Az — [ (z — t)min (0,¢"(t)) dt,

2. Ifg(z) =3 ,en a;x' for all x € Ry,

2h)

Gaussian kernel, i.e. g(z) = e=/(

q+(z) = cosh (x/(2h)), q—(x) = sinh (z/(2h))




Decomposition of v for Radial Kernels
2 possible decompositions for ¥(z) = ¢(||2]|3), ¢ : Ry — R:

1. Jordan decomposition: For A > max(0, —¢'(0)) (to ensure q4,q— /),

{qm:) =q(0) + (¢'(0) + A)z + [ (x — t) max (0,¢"(t)) dt,
q—(z) = Az — [ (z — t)min (0,¢"(t)) dt,

2. Ifg(z) =3 ,en a;x' for all x € Ry,

q+(x) = Z aix’, q_(z)=— Z a;z’.

i€N,a; >0 1€N,a; <0
1.6 16
144 14
1.2+ 1.2
1.04 1.0
0.8 08
2
0.6 06 q+(t%
— q-(t?)
0.4 0.4  g=e
021 02 - () —q-(t)
0.0 0.0
-3 2 -1 0 1 2 3 -3 2 1 [} 1 2 3
t t
¢4 (t) = cosh(t), q_(t) = sinh(?) gi(t) = e~ +at, q_(t) = ot

18/27
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Wasserstein CCCP

Let F : P2(R?) — R be a functional that can be decomposed as F = F+ — F~
with 7T, F~ totally convex.

For any u € Po(R?), T € L?(p),
F~ totally-convex =— D% _(T,Id) >0

= F (Typ) 2 F (1) + (Vw, I (1), T = Id) p2()
= F(Typ) S F(Topp) = F (1) = (Vwo F (1), T —1d) 12

Wasserstein CCCP

Tt1 = argminge o,y J(T) = FF(Tgur) — (Vw, F~ (), T — Id) 12y
prt1 = (Tho1)ppn

— At each iteration, can perform gradient descent on L?(uz),
Tt = T) = 7(Vw, FF () o Tf, = Vwo T~ (1))



Relation to Bregman and Mirror Descent
¢ Equivalence with the Bregman Proximal Descent:

FH(Tppn) = F (k) = (Vwo F (), T = 1d) 2.,
= F N (Tppr) = F (Toppe) + F (Typr) — F (ux) — (Vwo T (pk), T = 1d) 12,
= F(Typx) + D4E (T, 1d)

Ty11 = argmin D’}L.’“_ (T,1d) + F(Tppir)
TEeL?(pk)

— Linear rate for F a-convex relative to F~ along a suitable curve

e Equivalence with Mirror Descent:

Tit1 = argmin D45 (T, Id) + (Vw, F(ux), T — Id) 12(4,) J
TEeL2(py)

— Sub-linear (o = 0) and linear rates (o > 0) for F B-smooth (8 < 1) and
a-convex relative to F1 along suitable curves (Bonet et al., 2024)

20/27



Descent Lemma

Define
D= Flup) — _min  FH(Tym) = F () = (Vwo F (1), T = 1d) 2y,
TeL? (k)
= F (ur) = F (prr1) = (Vwo F~ (), 1d = Trpr) 220y
Properties:
e Dk, >0

o If FF W-differentiable, VW2f+(Mk+1) 0Tk = sz]-"_(,uk) and

Dy = D5 (1d, Trta)

Descent Lemma

Vk >0, Flpri1) = F(ur) — DA (Thyr,1d) — Dy

o If 7+ Wo-differentiable, D%, =0 = Vw,F(ux) =0

21/27



Convergence to Stationary Points

As Dy = F(ux) — F(prr) — DB (Thpa, 1),
. . ] Kl .
0= 0<heR-1 Dr+ = K P D+
1 K—-1
= 2 2 (Flm) = Fursr) = D3 (Tip, 1))
.7:(/];00— inf F

22/27



Convergence to Stationary Points

Assumptions:

e letat,a™ >0, at+a >0
e FT at-totally convex

e F~ a~ -totally convex

Then,
2 Fluo) — Flux)
a” +at K

. 2
min <
L W5 (e, 1) <

Moreover, if
IV, F ¥ (par1) © Thor = Vwo FH ()l 22 (ue) < Ll Trgr = 1d]|£2pp),

L F(po) — Fpux)
(at+a7) K

g 2
ocin_ IVwo F (i) z2gu) < 5




Application to MMD

Let k(z,y) = ¥(z —y) = q([lx — y|3). Define
Alg] = inf, min{?q’(s), 2¢'(s) + 4sq”(s)},
Alg] = sup, max{2¢'(s), 2¢'(s) + 454" (s) }.

Assume ¢ = g4 — g— such that Algy],Alg—] >0,

)=

e i (2) = ¢4 (|z]3) and 9 (z) = g_(||z[}3) are o = Algs] and @™ = A[g-]
convex

e Ft and F~ are o~ and at convex
e If Alg:],Alg_] < oo, the Lipschitz condition

VW, F (1) © Trr = Vwo F (i) |22 uy) < LI Thtr — 1d]| 22 )

holds for L = v/2 - Afgy] + Alq_]

24/27



Application to MMD

Let k(z,y) = ¥(z —y) = q([lx — y|3). Define

Alg] = inf, min{Qq’(s), 2q¢'(s) + 4sq”(s)},
Alg] = sup, max{2¢'(s), 2q'(s) + 4sq"(s) }.
Kernel q+ q- Aat] Alg-] Afgy] Alg-] @
~1/3
GaussJordan /W L soh s 0 h ST uh R
Gauss-cosh/sinh  cosh(s) sinh(s) 0 1/h  (49) (50)  compact

24/27
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Energy Distance
P(2) = |2l ie
2EDG) = =5 [ [ 1o = vl dute)dut) + [V au-+ e,

with V() = ['[| - —yll2 dv(y).
— DC decomposition with ¢4 = 0, ¥_(z) = ||z]|2.

107+
10-2-; — WGD, =1

= 10-35 —— WCCCP (ours), M=50

£ 104 — FB (eq (25)), M=50

B 10-5-é _
1077 4+

T T T T
0 500 1000 1500 2000 2500
Outer lterations, K= 2500

25/27



Energy Distance

P(2) = —[zll2, i-e.

1

5ED(kv) = —-/ [z = yllo dp(z)dp(y /V dp + c(v
with V() = [|| - —yll2 dv(y).
— DC decomposmon with ¢, = = [|2|2.

WGD

WCCCP

-EEEIEE
EEEEEE

. n= =T = W
._., :. ..'.:..,

ba 'F‘Fé--ﬁ-é--ﬁ--ﬁ--ﬁ-

25/27




Energy Distance
¥(z) = —||z||2. i.e

with V(-

1
5 ED (kv =——//le—yllzdu )dp(y /Vdu+c

= [ =ylz dv(y).

— DC decomposmon with ¢ =0, ¥_(2) = ||z]|2.

10° +

i —— WGD, K=200K, t=1
i —— WCCCP, K=40K, M=20

(I) 0j2 0j4 0j6 0j8 :Il 1j2 114 1j6 1:8 2I
Outer iterations (x10°, rescaled x0.2 for WCCCP)

25/27



MMD with Gaussian Kernel

1074 — WGD
o ‘ —— WCCCP (cosh/sinh)
107 —— WCCCP (Luu et al, 2024)
% 10724 WCCCP (Jordan)
=
= 1024
1074 o
10-5 = T T T T T T T T T T T
0 02 04 06 08 1 12 14 16 18 2
Iterations (x105)
WGD I WCCCP (Luu) 2 WCCCP (cosh/sinh) I WCCCP (Jordan)
2 5 2 2
20 o , 20 £ 20 20 .
15 o oo 15 .
10 Z 10 10 10 .
5 = 5 s 5 5 oA
o ] o 0
-5 -5 -5 -5
-5 o 5 10 15 20 25 30 -5 [ 5 10 15 20 25 30 -5 [ 5 10 15 20 25 30 -5 [ 5 10 15 20



Conclusion

Conclusion:

e CCCP on Py(R?)

e Convergence analysis

e Application to the MMD

Perspectives:
e Better understanding the impact of the choice of DC decomposition
e Automatic, adaptative DC decomposition

e Application to other functionals



Conclusion

Conclusion:

e CCCP on Py(R?)

e Convergence analysis

e Application to the MMD

Perspectives:
e Better understanding the impact of the choice of DC decomposition
e Automatic, adaptative DC decomposition

e Application to other functionals

Thank you!
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