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Motivations
Let P2(Rd) = {µ ∈ P(Rd),

∫
∥x∥22 dµ(x) <∞}, F : P2(Rd) → R.

Goal:
min

µ∈P2(Rd)
F(µ)

Applications:

• Generative modeling

• Sampling from ν ∝ e−V (Wibisono, 2018)

• Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)
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Gradient Descent on Rd
Let f : Rd → R.

Goal: minx∈Rd f(x)

Main algorithm: Gradient Descent (GD)

∀τ > 0, ∀k ≥ 0, xk+1 = xk − τ∇f(xk)

= argmin
x∈Rd

1

2
∥x− xk∥22 + τ⟨∇f(xk), x− xk⟩

From (Bach, 2020)

Convergence Analysis

• f β-smooth =⇒ f(xk+1) ≤ f(xk)− 1
2β ∥∇f(xk)∥

2
2 = f(xk)− β

2 ∥xk+1 − xk∥22
• f β-smooth and α-convex =⇒ f(xk)− f(x∗) ≤ β−α

2k ∥x0 − x∗∥22

Reminder:
• f β-smooth ⇐⇒ ∀x, y ∈ Rd, f(x)− f(y)− ⟨∇f(y), x− y⟩ ≤ β

2 ∥x− y∥22
• f α-convex ⇐⇒ f − α

∥·∥2
2

2 convex
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Mirror Descent on Rd (Beck and Teboulle, 2003)
If f not β-smooth: no guarantees for GD → change geometry

Definition (Bregman Divergence)

Let ϕ : Rd → R be convex, then the Bregman divergence is defined as

∀x, y ∈ Rd, Dϕ(x, y) = ϕ(x)− ϕ(y)− ⟨∇ϕ(y), x− y⟩.

Mirror Descent (MD) algorithm:

∀k ≥ 0, xk+1 = argmin
x∈Rd

Dϕ(x, xk) + τ⟨∇f(xk), x− xk⟩

= ∇ϕ∗
(
∇ϕ(xk)− τ∇f(xk)

)
Convergence analysis (Lu et al., 2018)

• f β-smooth relative to ϕ, i.e. Df (x, y) ≤ βDϕ(x, y) (equivalently βϕ− f
convex) =⇒ f(xk+1) ≤ f(xk)− βDϕ(xk, xk+1)

• f β-smooth and α-convex relative to ϕ, i.e. αDϕ(x, y) ≤ Df (x, y) (equivalently

f − αϕ convex) =⇒ f(xk)− f(x∗) ≤ β−α
k Dϕ(x

∗, x0)
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CCCP on Rd (Yuille and Rangarajan, 2001)

f DC (i.e. difference-of-convex) if there exists f−, f+ convex such that

f = f+ − f−

Remark: Every C1 function with Lipschitz gradient is DC (Hiriart-Urruty, 1985)

At iteration k, given xk ∈ Rd,
f− convex =⇒ ∀x ∈ Rd, f−(x) ≥ f−(xk) + ⟨∇f−(xk), x− xk⟩

=⇒ f(x) = f+(x)− f−(x) ≤ f+(x)− f−(xk)− ⟨∇f−(xk), x− xk⟩

Convex Concave Procedure (CCCP)

∀k ≥ 0, xk+1 = argmin
x∈Rd

f+(x)− ⟨∇f−(xk), x− xk⟩

→ Majorization-Minimization algorithm
→ Objective convex at each iteration
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Wasserstein Geometry (Ambrosio et al., 2008)

Definition (Wasserstein distance)

Let µ, ν ∈ P2(Rd) and denote by Π(µ, ν) the set of coupling between µ, ν. Then,
the Wasserstein distance is

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
∥x− y∥22 dγ(x, y).

Properties:

• W2 distance, (P2(Rd),W2): Wasserstein space

• W2(δx, δy) = ∥x− y∥2
• Riemannian structure
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Tangent Space on the Wasserstein Space

Tangent space at µ ∈ P2(Rd) (Ambrosio et al., 2008):

TµP2(R
d) = {∇ψ, ψ ∈ C∞

c (Rd)} ⊂ L2(µ),

where L2(µ) = {f ∈ Rd → Rd,
∫
∥f(x)∥22 dµ(x) <∞}.
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Wasserstein Gradient (Ambrosio et al., 2008)

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) : Rd → Rd ∈ L2(µ) is a Wasserstein gradient of F at

µ if for any ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.
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Wasserstein Gradient (Ambrosio et al., 2008)

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) : Rd → Rd ∈ L2(µ) is a Wasserstein gradient of F at

µ if for any ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

Properties:
• There is a unique gradient in TµP2(Rd) (Lanzetti et al., 2022, Proposition 2.5)
• Differential are strong (Lanzetti et al., 2022, Proposition 2.6), i.e. for any
γ ∈ Π(µ, ν),

F(ν) = F(µ)+

∫
⟨∇W2

F(µ)(x), y−x⟩ dγ(x, y)+ o

(√∫
∥x− y∥22 dγ(x, y)

)
.

In particular, for γ = (Id,T)#µ,

F(T#µ) = F(µ) + ⟨∇W2F(µ),T− Id⟩L2(µ) + o(∥T− Id∥L2(µ))
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Wasserstein Gradient (Ambrosio et al., 2008)

Definition (Wasserstein gradient (Bonnet, 2019))

Let µ ∈ P2(Rd). ∇W2
F(µ) : Rd → Rd ∈ L2(µ) is a Wasserstein gradient of F at

µ if for any ν ∈ P2(Rd) and any optimal coupling γ ∈ Πo(µ, ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), y − x⟩ dγ(x, y) + o
(
W2(µ, ν)

)
.

Example of functionals

• Potential energies V(µ) =
∫
V dµ: For V differentiable and L-smooth,

∇W2
V(µ) = ∇V

• Interaction energies W(µ) = 1
2

∫∫
W (x− y) dµ(x)dµ(y): For W even,

differentiable and L-smooth,

∇W2
W(µ) = ∇W ⋆ µ
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Wasserstein Gradient Descent
Wasserstein Gradient Descent:{

Tk+1 = argminT∈L2(µk)
1
2∥T− Id∥2L2(µk)

+ τ⟨∇W2
F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk

Taking the FOC: Tk+1 = Id− τ∇W2
F(µk)
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Wasserstein Gradient Descent in Practice

F(µ) =
1

2

∫∫
W (x− y) dµ(x)dµ(y), W (z) =

∥z∥42
4

− ∥z∥22
2

Particle approximation:
• µ̂0 = 1

n

∑n
i=1 δx0

i
where x0i ∼ µ0

• At each iteration k, µ̂n
k = 1

n

∑n
i=1 δxk

i

• Approximate Tk+1 = Id− τ∇W2
F(µ̂n

k ) = Id− τ
∫
∇W (· − y) dµ̂n

k (y)
• Update particles: ∀i ∈ {1, . . . , n}, xk+1

i = Tk+1(x
k
i )
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Wasserstein Mirror Descent (Bonet et al., 2024)

Mirror Descent{
Tk+1 = argminT∈L2(µk)

D(T, Id) + τ⟨∇W2
F(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk,

Considered divergences:

• For D(T, Id) = 1
2∥T− Id∥2L2(µ): Wasserstein gradient descent

• For Dϕµ
(T, Id) = ϕµ(T)− ϕµ(Id)− ⟨∇ϕµ(Id),T− Id⟩L2(µ) (Bregman

divergence on L2(µ)): extends Mirror Descent (Beck and Teboulle, 2003) to
P2(Rd).

Theoretical analysis: requires (relative) smoothness and convexity along curves

10/27

10/27



Table of Contents

Detour by Rd

Wasserstein Gradient Flows

Convexity

Wasserstein Convex-Concave Procedure

Applications



Background on L2(µ)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ϕµ : L2(µ) → R be convex. The Bregman divergence is defined for all
T,S ∈ L2(µ) as

Dϕµ
(T,S) = ϕµ(T)− ϕµ(S)− ⟨∇ϕµ(S),T− S⟩L2(µ).

• If ϕµ(T) =
1
2∥T∥

2
L2(µ), Dϕµ

(T,S) = 1
2∥T− S∥2L2(µ)

• We call ϕµ pushforward compatible if there exists ϕ : P2(Rd) → R such that

∀µ ∈ P2(R
d), ∀T ∈ L2(µ), ϕµ(T) = ϕ(T#µ).

In this case,
∇ϕµ(T) = ∇W2ϕ(T#µ) ◦ T

• Given F : P2(Rd) → R, define the Bregman divergence associated to
F̃µ : T 7→ F(T#µ) as

Dµ
F (T,S) = F(T#µ)−F(S#µ)− ⟨∇W2

F(S#µ) ◦ S,T− S⟩L2(µ).
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Convexity along a curve on P2(Rd)
Let µt = (Tt)#µ with Tt = (1− t)S + tT for all t ∈ [0, 1], T,S ∈ L2(µ).

Relative smoothness/convexity along t 7→ µt:
• F β-smooth relative to G along t 7→ µt if ∀s, t ∈ [0, 1],

Dµ
F (Ts,Tt) ≤ βDµ

G(Ts,Tt)

• F α-convex relative to G along t 7→ µt if ∀s, t ∈ [0, 1],

Dµ
F (Ts,Tt) ≥ αDµ

G(Ts,Tt)

Total convexity

Let α ≥ 0. A functional F : P2(Rd) → R is α-totally convex if for all
µ ∈ P2(Rd), T,S ∈ L2(µ),

Dµ
F (T,S) ≥

α
2 ∥T− S∥2L2(µ) = αDµ

G(T,S) for G(µ) =
∫

1
2∥ · ∥

2
2 dµ.

Equivalently, for all t ∈ [0, 1],

F
((
(1− t)S + tT

)
#
µ
)
≤ (1− t)F(S#µ) + tF(T#µ)− α

t(1− t)

2
∥T− S∥2L2(µ).
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Convex Functionals (Ambrosio et al., 2008, Chapter 9)

Example of Convex functionals

• Potential energies V(µ) =
∫
V dµ with V α-convex

V
(
µt

)
=

∫
V
(
(1− t)S(x) + tT(x)

)
dµ(x)

≤ (1− t)

∫
V (S(x)) dµ(x) + t

∫
V (T(x)) dµ(x)

− α
t(1− t)

2

∫
∥S(x)− T(x)∥22 dµ

≤ (1− t)V(µ0) + tV(µ1)− α
t(1− t)

2
W2

2(µ0, µ1)

• Interaction energies W(µ) = 1
2

∫∫
W (x− y) dµ(x)dµ(y) with W convex

• Negative entropy H(µ) =
∫
ρ log ρ with dµ = ρdLeb

• F(µ) = KL(µ||ν) = H(µ) +
∫
V dµ+ cst with ν ∝ e−V log-concave
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Functionals not Convex

Examples of functionals not convex (in general)

• F(µ) = 1
2W

2
2(µ, ν): convex along only one curve

• KL with ν non log-concave

• Maximum Mean Discrepancy (MMD) (Arbel et al., 2019)

Given a kernel k : Rd × Rd → R,

F(µ) =
1

2
MMD2(µ, ν) =

1

2

∫∫
k(x, y) d(µ− ν)(x)d(µ− ν)(y)

= Vk(µ) +Wk(µ) + cst,

with

Vk(µ) =

∫
Vk(x) dµ(x), Vk(x) = −

∫
k(x, y) dν(y),

Wk(µ) =
1

2

∫∫
k(x, y) dµ(x)dµ(y).
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DC Decomposition of the KL

Goal: Given F : P2(Rd) → R, find F+,F− totally convex such that

F(µ) = F+(µ)−F−(µ)

For ν ∝ e−V ,

F(µ) = KL(µ||ν) = H(µ) +

∫
V dµ+ cst

If V DC, there exists V +, V − convex such that V = V + − V −, and we can write

F(µ) = F+(µ)−F−(µ),

with

F+(µ) = H(µ) +

∫
V +dµ+ cst, F−(µ) =

∫
V −dµ

→ F+,F− totally-convex
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A first DC Decomposition of the MMD (Luu et al., 2024)

F(µ) = 1
2MMD2(µ, ν) = Vk(µ) +Wk(µ) + c(ν)

Assumptions:
• k L-smooth, i.e.

∀x, x′, y, y′ ∈ Rd, ∥∇k(x, y)−∇k(x′, y′)∥2 ≤ L
(
∥x− x′∥2 + ∥y − y′∥2

)
• Choose α ≥ L

A DC decomposition is given by:

F+(µ) = α

∫
∥x∥22 dµ(x) +

1

2

∫∫
k(x, y) dµ(x)dµ(y) + c(ν),

F−(µ) =

∫ (
α∥x∥22 − Vk(x)

)
dµ(x)

→ F+,F− totally convex
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Other DC Decomposition of the MMD

F(µ) = 1
2MMD2(µ, ν) = Vk(µ) +Wk(µ) + c(ν)

Assumptions:
• k(x, y) = ψ(x− y)
• ψ = ψ+ − ψ− with ψ+, ψ− respectively α+, α− ≥ 0 convex

A DC decomposition is given by F(µ) = F+(µ)−F−(µ) where{
F+(µ) = 1

2

∫∫
ψ+(x− y) dµ(x)dµ(y) +

∫
V −dµ+ c(ν),

V −(·) =
∫
ψ−(· − y) dν(y){

F−(µ) = 1
2

∫∫
ψ−(x− y) dµ(x)dµ(y) +

∫
V +dµ,

V +(·) =
∫
ψ+(· − y) dν(y)

→ F+,F− are respectively α−, α+ totally convex
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Decomposition of ψ for Radial Kernels
2 possible decompositions for ψ(z) = q(∥z∥22), q : R+ → R:

1. Jordan decomposition: For A ≥ max
(
0,−q′(0)

)
(to ensure q+, q− ↗),{

q+(x) = q(0) + (q′(0) +A)x+
∫ x

0
(x− t)max

(
0, q′′(t)

)
dt,

q−(x) = Ax−
∫ x

0
(x− t)min

(
0, q′′(t)

)
dt,

2. If q(x) =
∑

i∈N aix
i for all x ∈ R+,

q+(x) =
∑

i∈N,ai>0

aix
i, q−(x) = −

∑
i∈N,ai<0

aix
i.

Gaussian kernel, i.e. q(x) = e−x/(2h)

q+(x) = e−x/(2h) +
x

2h
, q−(x) =

x

2h
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Wasserstein CCCP

Let F : P2(Rd) → R be a functional that can be decomposed as F = F+ −F−

with F+,F− totally convex.

For any µ ∈ P2(Rd), T ∈ L2(µ),

F− totally-convex =⇒ Dµ

F−(T, Id) ≥ 0

=⇒ F−(T#µ) ≥ F−(µ) + ⟨∇W2F
−(µ),T− Id⟩L2(µ)

=⇒ F(T#µ) ≤ F+(T#µ)−F−(µ)− ⟨∇W2F
−(µ),T− Id⟩L2(µ)

Wasserstein CCCP

{
Tk+1 = argminT∈L2(µk)

J(T) := F+(T#µk)− ⟨∇W2
F−(µk),T− Id⟩L2(µk)

µk+1 = (Tk+1)#µk

→ At each iteration, can perform gradient descent on L2(µk),

T̃ℓ+1
k = T̃ℓ

k − τ
(
∇W2

F+(µℓ
k) ◦ T̃ℓ

k −∇W2
F−(µk)

)
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Relation to Bregman and Mirror Descent

• Equivalence with the Bregman Proximal Descent:

F+(T#µk)−F−(µk)− ⟨∇W2F
−(µk),T− Id⟩L2(µk)

= F+(T#µk)−F−(T#µk) + F−(T#µk)−F−(µk)− ⟨∇W2F
−(µk),T− Id⟩L2(µk)

= F(T#µk) + D
µk

F−(T, Id)

Tk+1 = argmin
T∈L2(µk)

Dµk

F−(T, Id) + F(T#µk)

→ Linear rate for F α-convex relative to F− along a suitable curve

• Equivalence with Mirror Descent:

Tk+1 = argmin
T∈L2(µk)

Dµk

F+(T, Id) + ⟨∇W2
F(µk),T− Id⟩L2(µk)

→ Sub-linear (α = 0) and linear rates (α > 0) for F β-smooth (β ≤ 1) and
α-convex relative to F+ along suitable curves (Bonet et al., 2024)
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Descent Lemma

Define

Dk
F+ := F(µk)− min

T∈L2(µk)
F+(T#µk)−F−(µk)− ⟨∇W2F−(µk),T− Id⟩L2(µk)

= F+(µk)−F+(µk+1)− ⟨∇W2
F−(µk), Id− Tk+1⟩L2(µk)

Properties:

• Dk
F+ ≥ 0

• If F+ W2-differentiable, ∇W2F+(µk+1) ◦ Tk+1 = ∇W2F−(µk) and

Dk
F+ = Dµk

F+(Id,Tk+1)

Descent Lemma

∀k ≥ 0, F(µk+1) = F(µk)−Dµk

F−(Tk+1, Id)−Dk
F+

• If F+ W2-differentiable, Dk
F+ = 0 =⇒ ∇W2F(µk) = 0
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Convergence to Stationary Points

As Dk
F+ = F(µk)−F(µk+1)−Dµk

F−(Tk+1, Id),

0 ≤ min
0≤k≤K−1

Dk
F+ ≤ 1

K

K−1∑
k=0

Dk
F+

=
1

K

K−1∑
k=0

(
F(µk)−F(µk+1)−Dµk

F−(Tk+1, Id))
)

≤ F(µ0)− inf F
K
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Convergence to Stationary Points

Assumptions:

• Let α+, α− ≥ 0, α+ + α− > 0

• F+ α+-totally convex

• F− α−-totally convex

Then,

min
0≤k≤K−1

W2
2(µk, µk+1) ≤

2

α− + α+

F(µ0)−F(µK)

K

Moreover, if
∥∇W2

F+(µk+1) ◦ Tk+1 −∇W2
F+(µk)∥L2(µk) ≤ L∥Tk+1 − Id∥L2(µk),

min
0≤k≤K−1

∥∇W2
F(µk)∥2L2(µk)

≤ L

2(α+ + α−)

F(µ0)−F(µK)

K
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Application to MMD

Let k(x, y) = ψ(x− y) = q(∥x− y∥22). Define{
λ[q] := infs min

{
2q′(s), 2q′(s) + 4sq′′(s)

}
,

Λ[q] := sups max
{
2q′(s), 2q′(s) + 4sq′′(s)

}
.

Assume q = q+ − q− such that λ[q+], λ[q−] ≥ 0,

• ψ+(x) = q+(∥x∥22) and ψ−(x) = q−(∥x∥22) are α+ = λ[q+] and α
− = λ[q−]

convex

• F+ and F− are α− and α+ convex

• If Λ[q+],Λ[q−] <∞, the Lipschitz condition

∥∇W2F+(µk+1) ◦ Tk+1 −∇W2F+(µk)∥L2(µk) ≤ L∥Tk+1 − Id∥L2(µk)

holds for L =
√
2 · Λ[q+] + Λ[q−]
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Application to MMD

Let k(x, y) = ψ(x− y) = q(∥x− y∥22). Define{
λ[q] := infs min

{
2q′(s), 2q′(s) + 4sq′′(s)

}
,

Λ[q] := sups max
{
2q′(s), 2q′(s) + 4sq′′(s)

}
.

Kernel q+ q− λ[q+] λ[q−] Λ[q+] Λ[q−] Ω

Gauss-Jordan e−s/(2h) + s/2h s/2h 0 1/h
1 + 2e−1/3

h
1/h Rd

Gauss-cosh/sinh cosh(s) sinh(s) 0 1/h (49) (50) compact
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Energy Distance

ψ(z) = −∥z∥2, i.e.

1

2
ED(µ, ν) = −1

2

∫∫
∥x− y∥2 dµ(x)dµ(y) +

∫
V dµ+ c(ν),

with V (·) =
∫
∥ · −y∥2 dν(y).

→ DC decomposition with ψ+ = 0, ψ−(z) = ∥z∥2.
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MMD with Gaussian Kernel
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Conclusion

Conclusion:

• CCCP on P2(Rd)

• Convergence analysis

• Application to the MMD

Perspectives:

• Better understanding the impact of the choice of DC decomposition

• Automatic, adaptative DC decomposition

• Application to other functionals

Thank you!
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Clément Bonet, Théo Uscidda, Adam David, Pierre-Cyril Aubin-Frankowski, and
Anna Korba. Mirror and Preconditioned Gradient Descent in Wasserstein Space.
In Thirty-eight Conference on Neural Information Processing Systems, 2024.
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