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Motivations

Labeled dataset: D =
(
(xi, yi)

)n
i=1

, xi ∈ X , yi ∈ Y
Typically: X = Rd, Y = {1, . . . , C},

Goal: Generate samples from D respecting the structure of the dataset

Applications:

• Domain adaptation (Courty et al., 2016)

• Transfer learning (Alvarez-Melis and Fusi, 2021; Hua et al., 2023)

• Dataset distillation (Wang et al., 2018)
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OTDD (Alvarez-Melis and Fusi, 2020)
• D1 : µ1 = 1

m

∑m
i=1 δ(x1

i ,y
1
i )

∈ P(Rd × {1, . . . , C}),
D2 : µ2 = 1

m

∑m
j=1 δ(x2

j ,y
2
j )

∈ P(Rd × {1, . . . , C})
C: number of classes, n: number of sample in each class, m = nC

Question: how to compare datasets D1 and D2?

Solution of Alvarez-Melis and Fusi (2020):
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C: number of classes, n: number of sample in each class, m = nC

Question: how to compare datasets D1 and D2?

Solution of Alvarez-Melis and Fusi (2020):
• Embed a label (a class) in P(Rd) as c 7→ νkc = 1

n

∑n
i=1 δxk

i
1{yk

i =c} for k = 1, 2

→ Dk : µk = 1
m

∑m
i=1 δ(xk

i ,ν
k

yk
i

) ∈ P
(
Rd × P(Rd)

)

• Cost: d
(
(x, y), (x′, y′)

)2
= ∥x− x′∥22 +W2

2(νy, νy′)

• Optimal transport distance: O
(
C2n3 log n+ n3C3 log(nC)

)
OTDD(µ1, µ2) = inf

γ∈Π(µ1,µ2)

∫
d
(
(x, y), (x′, y′)

)2
dγ
(
(x, y), (x′, y′)

)
.
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C: number of classes, n: number of sample in each class, m = nC

Question: how to compare datasets D1 and D2?

Solution of Alvarez-Melis and Fusi (2020):
• Embed a label (a class) in Rp × S++

p (R) as c 7→ νkc ≈ N (mk
c ,Σ

k
c ) for k = 1, 2

→ Dk : µk = 1
m

∑m
i=1 δ(xk

i ,m
k

yk
i

,Σk

yk
i

) ∈ P
(
Rd × Rp × S++

p (R)
)

• Cost: d
(
(x, y), (x′, y′)

)2
= ∥x− x′∥22 +BW2

2(νy, νy′)

• Optimal transport distance: approximated in O
(
C2d3 + n2C2 log(nC)/ε2

)
OTDDε(µ1, µ2) = inf

γ∈Π(µ1,µ2)

∫
d
(
(x, y), (x′, y′)

)2
dγ
(
(x, y), (x′, y′)

)
+ εH(γ).

2/19

2/19



Table of Contents

Wasserstein Gradient Flows

Wasserstein over Wasserstein Gradient Flows

Applications



Riemannian Manifolds

Definition
A Riemannian manifold M of dimension p is a space that behaves locally as a
linear space diffeomorphic to Rp.

Properties:
• To any x ∈ M, associate a tangent space TxM with a smooth inner product
⟨·, ·⟩x : TxM× TxM → R.

• Geodesic between x and y: shortest path minimizing the length L
• Geodesic distance: d(x, y) = infγ L(γ)
• Exponential map: ∀x ∈ M, expx : TxM → M, inverse logx : M → TxM

For M = Rd: d(x, y) = ∥x− y∥2, expx(v) = x+ v, logx(y) = y − x
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Wasserstein Geometry

Let M be a (compact connected) Riemannian manifold, d : M×M → R+ the
geodesic distance.

Definition (Wasserstein distance)

Let µ, ν ∈ P2(M) and denote by Π(µ, ν) the set of coupling between µ, ν. Then,
the Wasserstein distance is

W2
2(µ, ν) = inf

γ∈Π(µ,ν)

∫
d(x, y)2 dγ(x, y).

Properties:

• W2 distance, (P2(M),W2): Wasserstein space

• Riemannian structure
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Riemannian Structure of the Wasserstein Space
Let TM = {(x, v), x ∈ M, v ∈ TxM}, πM((x, v)) = x, πv((x, v)) = v.

exp−1
µ (ν) =

{
γ ∈ P2(TM), πM

# γ = µ, exp# γ = ν,

∫
∥v∥2xdγ(x, v) = W2

2(µ, ν)
}

• Geodesics between µ, ν ∈ P2(M),
◦ If log defined µ-a.e.: ∀t ∈ [0, 1], µt =

(
expπ1(t logπ1 ◦π2)

)
#
γ̃, γ̃ ∈ Πo(µ, ν)

◦ In general: ∀t ∈ [0, 1], µt =
(
expπM ◦(tπv)

)
#
γ, γ ∈ exp−1

µ (ν) (Gigli, 2011)

→ precise which geodesic was chosen to move the mass

For M = Rd:

◦ In general: µt =
(
(1− t)π1 + tπ2

)
#
γ =

(
π1 + t(π2 − π1)

)
#
γ, γ ∈ Πo(µ, ν)

• Tangent space at µ ∈ P2,ac(M) (Ambrosio et al., 2008; Erbar, 2010):

TµP2(M) = {∇ψ, ψ ∈ C∞
c (M)} ⊂ L2(µ, TM),

where L2(µ, TM) = {f ∈ M → TM,
∫
∥f(x)∥22 dµ(x) <∞}.
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Wasserstein Gradient (Ambrosio et al., 2008; Erbar, 2010)

Definition (Wasserstein gradient)

Let µ ∈ P2(M). ∇W2
F(µ) ∈ L2(µ, TM) is a Wasserstein gradient of F at µ if

for any ν ∈ P2(M) and any γ ∈ exp−1
µ (ν),

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), v⟩x dγ(x, v) + o
(
W2(µ, ν)

)
.

If such a gradient exists, then we say that F is W2-differentiable at µ.

Properties:

• There is a unique gradient in TµP2(M)

• Differential are strong, i.e. for any γ ∈ P(TM) s.t. πM
# γ = µ, exp# γ = ν,

F(ν) = F(µ) +

∫
⟨∇W2

F(µ)(x), v⟩x dγ(x, v) + o

(√∫
∥v∥2x dγ(x, v)

)
In particular, for γ = (Id, exp ◦T)#µ,

F
(
(exp ◦T)#µ

)
= F(µ) + ⟨∇W2F(µ),T⟩L2(µ,TM) + o(∥T∥L2(µ,TM))
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Wasserstein Gradient

Example of functionals

• Potential energies V(µ) =
∫
V dµ: For V differentiable and smooth,

∇W2
V(µ) = ∇V

• Interaction energies W(µ) =
∫∫

W (x, y) dµ(x)dµ(y): For W differentiable and
smooth,

∇W2
W(µ)(x) =

∫ (
∇1W (x, ·) +∇2W (·, x)

)
dµ

Example of discrepancy: Maximum Mean Discrepancy (MMD) (Arbel et al.,
2019)

F(µ) =
1

2
MMD2

k(µ, ν) =

∫∫
k(x, y) d(µ− ν)(x)d(µ− ν)(y)

= V(µ) +W(µ) + cst,

with k positive definite kernel, and:

V(µ) =
∫
V dµ, V (x) = −

∫
k(x, y)dν(y), W(µ) =

1

2

∫∫
k(x, y)dµ(x)dµ(y)
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Wasserstein Gradient Descent

Time discretization of the flow (Riemannian Wasserstein Gradient Descent):

∀k ≥ 0, µk+1 = expµk

(
− τ∇W2F(µk)

)
=
(
expId(−τ∇W2F(µk)

)
#
µk

Particle approximation: µn
k = 1

n

∑n
i=1 δxk

i
,

∀i ∈ {1, . . . , n}, xk+1
i = expxk

i

(
− τ∇W2F(µn

k )(x
k
i )
)

On Rd: xk+1
i = xki − τ∇W2

F(µn
k )(x

k
i )
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Flowing Datasets (previous works)
Let µ, ν ∈ P2

(
Rd × Rp × S++

p (R)
)
, p ≤ d.

Goal: minµ F(µ)

Choice of F :

• (Alvarez-Melis and Fusi, 2021): F(µ) := OTDD(µ, ν)

• (Hua et al., 2023): F(µ) := 1
2MMD2

k(µ, ν) with kernel

k
(
(x,m,Σ), (x′,m′,Σ′)

)
= e−∥x−x′∥2

2/hxe−∥m−m′∥2
2/hme−∥Σ−Σ′∥2

2/hΣ

Several strategies:

• Wasserstein gradient flow on features + update the C Gaussian

• Wasserstein gradient flow on Rd × Rp × S++
p (R), i.e.,

µk+1 = expµk

(
− τ∇W2

F(µk)
)
,

where ∇W2
F(µk)

(
(x,m,Σ)

)
∈ Rd × Rp × Sp(R).

Drawbacks:

• OTDD costly + non differentiable (require entropic approximation)

• Both require lots of hyperparameters to tune
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Contributions

• Model datasets as P = 1
C

∑C
c=1 δνc ∈ P2

(
P2(Rd)

)
where νc = 1

n

∑n
i=1 δxc

i

• Flow a dataset P towards Q by minimizing a discrepancy D on P2

(
P2(Rd)

)
→ minimization problem on P2

(
P2(Rd)

)

Example

D(P,Q) = MMD2
K(P,Q) with K : P(Rd)× P(Rd) → R
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Wasserstein over Wasserstein Distance (WoW)

Definition (WoW distance)

Let P,Q ∈ P2

(
P2(M)

)
and denote by Π(P,Q) the set of coupling between P,Q.

Then, the WoW distance is

W2
W2

(P,Q) = inf
Γ∈Π(P,Q)

∫
W2

2(µ, ν) dΓ(µ, ν).

Properties:

• WW2
distance, (P2

(
P2(M)

)
,WW2

): WoW space

• Brenier-McCann’s theorem: Let P0 a reference measure satisfying suitable
assumptions (no atom, satisfies an IPP, see (Dello Schiavo, 2020)).
If P ≪ P0, then there exists a unique T s.t. T#P = Q (Emami and Pass, 2025).

• Riemannian structure
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Geodesics

On P2(M): µt =
(
(1− t)π1 + tπ2

)
#
γ, γ ∈ Πo(µ, ν)

→ use exp−1

Let γ ∈ P2(TM). Define φM(γ) = πM
# γ, φexp(γ) = exp# γ and φv(γ) = πv

#γ.

For any P,Q ∈ P2

(
P2(M)

)
,

exp−1
P (Q) =

{
Γ ∈ P2

(
P2(TM)

)
, φM

# Γ = P, φexp
# Γ = Q,∫∫

∥v∥2xdγ(x, v)dΓ(γ) = W2
W2

(P,Q)
}
.

Properties

• Γ 7→ (φM, φexp)#Γ is a surjective map from exp−1
P (Q) to Πo(P,Q)

• Geodesic between P and Q: ∀t ∈ [0, 1], Pt =
(
expφM ◦(tφv)

)
#

Γ with

Γ ∈ exp−1
P (Q)
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Tangent Space

Definition (Cylinder (von Renesse and Sturm, 2009))

F : P2(M) → R ∈ Cyl
(
P2(M)

)
is a cylinder if there exists k ≥ 0, F ∈ C∞

c (Rk)
and V1, . . . , Vk ∈ C∞

c (M) such that, for all µ ∈ P2(M),

F(µ) = F

(∫
V1dµ, . . . ,

∫
Vkdµ

)
.

Tangent space at P ∈ P2

(
P2(M)

)
:

TPP2

(
P2(M)

)
= {∇W2

φ, φ ∈ Cyl
(
P2(M)

)
}
L2(P)

.

Let (Pt)t∈I be an absolutely continuous curve on P2

(
P2(M)

)
. Then, for a.e.

t ∈ I, there exists vt ∈ TPtP2

(
P2(M)

)
such that ∥vt∥L2(Pt,TP2(M)) ≤ |P′|(t) and

for all φ ∈ Cyl(I × P2(M)),∫∫ (
∂tφt(µ) + ⟨∇W2

φt(µ), vt(µ)⟩L2(µ)

)
dPt(µ)dt = 0.
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WoW Gradient

Definition (WoW gradient)

Let P ∈ P2

(
P2(M)

)
. ∇WW2

F(P) ∈ L2(P, TP2(M)) is a WoW gradient of F at P
if for any Q ∈ P2

(
P2(M)

)
and any Γ ∈ exp−1

P (Q),

F(Q) = F(P) +
∫∫

⟨∇WW2
F(P)(πM

# γ)(x), v⟩x dγ(x, v)Γ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2 -differentiable at P.
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# γ)(x), v⟩x dγ(x, v)Γ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2 -differentiable at P.

Properties:
• There is at most one element in ∂F(P) ∩ TPP2

(
P2(M)

)
• Under assumptions on P and M, existence of ξ ∈ ∂F(P) ∩ TPP2

(
P2(M)

)
• If ξ ∈ ∂F(P) ∩ TPP2

(
P2(M)

)
. Then ξ is a strong differential of F at P, i.e., for

Γ = P2

(
P2(TM)

)
s.t. ϕM# Γ = P, ϕexp# Γ := Q,

F(Q) = F(P)+
∫
⟨ξ(πM

# γ)(x), v⟩xdγ(x, v)dΓ(γ)+o

(√∫∫
∥v∥2x dγ(x, v)dΓ(γ)

)
.
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WoW Gradient

Definition (WoW gradient)

Let P ∈ P2

(
P2(M)

)
. ∇WW2

F(P) ∈ L2(P, TP2(M)) is a WoW gradient of F at P
if for any Q ∈ P2

(
P2(M)

)
and any Γ ∈ exp−1

P (Q),

F(Q) = F(P) +
∫∫

⟨∇WW2
F(P)(πM

# γ)(x), v⟩x dγ(x, v)Γ(γ) + o
(
WW2

(P,Q)
)
.

If such a gradient exists, then we say that F is WW2 -differentiable at P.

Example of functionals

• Potential energies V(P) =
∫
F(µ)dP(µ): For F : P2(M) → R differentiable and

smooth,
∇WW2

V(P) = ∇W2
F

• Interaction energies W(P) =
∫∫

W(µ, ν) dP(µ)dP(ν): For W differentiable and
smooth,

∇WW2
W(P)(µ) =

∫ (
∇1W(µ, ·) +∇2W(·, µ)

)
dP
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WoW Gradient Descent
Forward scheme:

∀k ≥ 0, Pk+1 = expPk

(
− τ∇WW2

F(Pk)
)

In practice: For Pk = 1
C

∑C
c=1 δµc,n

k
with µc,n

k = 1
n

∑n
i=1 δxc

i,k
∈ P2(Rd):

∀k ≥ 0, particle (image) i, class c, xci,k+1 = xci,k − τ∇WW2
F(Pk)(µ

c,n
k )(xci,k).

Pk: inter-class interaction, µ
c,n
k : intra-class interaction, xci,k image
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Synthetic Data

F(P) =
1

2
MMD2

K(P,Q) = V(P) + W(P) + cst,

where

{
V(P) =

∫
V(µ) dP(µ), V(µ) = −

∫
K(µ, ν) dQ(ν)

W(P) = 1
2

∫∫
K(µ, ν) dP(µ)dP(ν)

• WoW gradient computed in closed-form or using auto-differentiation
• Kernel K based on the Sliced-Wasserstein distance
• Complexity: O(C2Ln log n), P = 1

C

∑C
c=1 δµc,n , µc,n = 1

n

∑n
i=1 δxi

Sliced-Wasserstein distance (Rabin et al., 2011; Bonneel et al., 2015):

SW2
2(µ, ν) =

∫
Sd−1

W2
2(P

θ
#µ, P

θ
#ν)dσ(θ) ≈

1

L

L∑
ℓ=1

W2
2(P

θℓ
# µ, P θℓ

# ν),

with Sd−1 = {θ ∈ Rd, ∥θ∥2 = 1}, P θ(x) = ⟨x, θ⟩, θ1, . . . , θL ∼ σ = Unif(Sd−1).

• Gaussian SW kernel: K(µ, ν) = e−SW2
2(µ,ν)/h (Kolouri et al., 2016)

• Riesz SW kernel: K(µ, ν) = −SW2(µ, ν)
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Goal: minP F(P) = 1
2MMD2

K(P,Q), where Q = 1
3

∑3
c=1 δνc,n , νc,n ring.
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“Domain Adaptation”

Setting:

1. Pretrain a classifier on Q =MNIST

2. Flow starting from P0 =Fashion MNIST (Left) or from P0 =KMNIST (Right)
by minimizing F(P) = 1

2MMD2
K(P,Q) with K(µ, ν) = −SW2(µ, ν)

3. Measure accuracy on Pt (flowed data)

0 5 104 105 1.5 105 2 105 2.5 105

Iterations
85

90

95

100

Ac
cu

ra
cy

FMNIST

0 5 104 105 1.5 105 2 105 2.5 105

Iterations
85

90

95

100
KMNIST

MMDSW
OTDD (final)

→ reach 100% accuracy
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Applications

Dataset distillation: synthesize a big dataset Q = 1
C

∑C
c=1 δνn

c
with a small

dataset P = 1
C

∑C
c=1 δµk

c
, k small

Transfer learning: augment a small dataset Q = 1
C

∑C
c=1 δνk

c
with k small

Dataset distillation

Dataset k ψθ = Aω = Id Baselines
DM MMDSW Random Full data

MNIST
1 61.1±6.5 66.5±5.5 55.8±2.0

10 88.2±2.8 93.2±0.7 92.2±1.1 99.4
50 95.9±0.9 97.0±0.2 97.6±0.2

FMNIST
1 54.4±3.2 60.0±4.1 49.0±7.5

10 74.6±1.0 76.7±1.0 75.3±0.7 92.4
50 81.3±0.5 84.2±0.1 83.2±0.2

Transfer learning

Dataset k Train on Q MMDSW OTDD (Hua et al., 2023)

M to F

1 26.0±5.3 40.5±4.7 30.5±4.2 36.4±3.3

5 38.5±6.7 61.5±4.6 59.7±1.8 62.7±1.1

10 53.9±7.9 65.4±1.5 64.0±1.4 66.2±1.0

100 71.1±1.5 74.7±0.8 - 73.5±0.7

M to K

1 18.4±3.1 20.9±2.0 18.8±2.1 19.4±1.9

5 25.9±4.0 37.4±2.2 31.3±1.4 39.0±1.0

10 30.9±4.6 44.7±1.8 34.1±0.9 44.1±1.2

100 60.1±1.1 66.8±0.8 66.3±0.9 62.4±1.2
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Conclusion

Conclusion:

• Differential structure over the Wasserstein over Wasserstein Space

• Wasserstein over Wasserstein Gradient Flows

• Implementation on the MMD

• Application to image datasets (Dataset distillation, Transfer learning...)

Perspectives:

• Use other positive definite kernels for the MMD (Bachoc et al., 2023; Kachaiev
and Recanatesi, 2024)

• Minimize other functionals (Catalano and Lavenant, 2024)

• Theoretical convergence

Thank you for your attention!
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François Bachoc, Louis Béthune, Alberto Gonzalez-Sanz, and Jean-Michel Loubes.
Gaussian Processes on Distributions based on Regularized Optimal Transport. In
International Conference on Artificial Intelligence and Statistics, pages
4986–5010. PMLR, 2023.

19/19

19/19



References II
Nicolas Bonneel, Julien Rabin, Gabriel Peyré, and Hanspeter Pfister. Sliced and
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