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Motivations

Labeled dataset: D = ((xi,yi))?zl, T EX, y €Y
Typically: X =R%, Y ={1,...,C}

Goal: Generate samples from D respecting the structure of the dataset



Motivations
Labeled dataset: D = ((xi,yi))?zl, T EX, y €Y
Typically: X =R%, Y ={1,...,C}
Goal: Generate samples from D respecting the structure of the dataset
Applications:
Domain adaptation (Courty et al., 2016)
Transfer learning (Alvarez-Melis and Fusi, 2021; Hua et al., 2023)
Dataset distillation (Wang et al., 2018)
Conditional generative modeling (Chemseddine et al., 2024)
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OTDD (Alvarez-Melis and Fusi, 2020)

° Dl LU = %Z?:l 5(m11,y11) S P(Rd X {1, ey C})
(] Dg Lo = %Z;n:l 6(‘”?71132) EP(Rd X {1,,0/})
e A priori: no relation between labels of Dy and Dy

Question: how to compare datasets D; and D57



OTDD (Alvarez-Melis and Fusi, 2020)

e Dy = %Z?:l 5(90@1,’%1) e PR x {1,...,0})

® Dy:pip =~ Z;nzl 5(9@,%2.) € PRI x {1,...,C"})

e A priori: no relation between labels of Dy and Dy
Question: how to compare datasets D; and D57
Solution of Alvarez-Melis and Fusi (2020):

e Embed labels in P(R?) as ¢ — vf = - 370 0kl

o Cost: d((z,y), (@y))" = e = 2/II} + Wy, 1)

e Optimal transport distance:

OTDD(H’la:UQ) = ’YEHi(I,I}f,Hz) /d((’ll‘,y), (‘T/a y/))Z d’Y((l‘,y)a (x,ay/))'

To reduce computational burden — v, ~ N(m,, ;)



Alternatives to OTDD
e MMD on P(R? x R? x S§*(R)) (Hua et al., 2023)


https://www.vanderbilt.edu/valiant/2024/11/21/wasserstein-task-embedding-for-measuring-task-similarities/
https://www.vanderbilt.edu/valiant/2024/11/21/wasserstein-task-embedding-for-measuring-task-similarities/

Alternatives to OTDD

e MMD on P(R? x R? x S§*(R)) (Hua et al., 2023)
e Wasserstein task embedding (Liu et al., 2025)

Supervised - . Downstream
o —) Wasserstein Task Embedding —) e
Label Embedding via MDS Wasserstein Embedding
(Section 4.2.1) (Section 4.2.2)
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Figure: Taken from https://www.vanderbilt.edu/valiant/2024/11/21/
wasserstein-task-embedding-for-measuring-task-similarities/
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https://www.vanderbilt.edu/valiant/2024/11/21/wasserstein-task-embedding-for-measuring-task-similarities/

Alternatives to OTDD

e MMD on P(R? x R? x Sf"(R)) (Hua et al., 2023)
o Wasserstein task embedding (Liu et al., 2025)
e Sliced-Wasserstein on R? x H (Bonet et al., 2024; Nguyen and Ho, 2024)




Alternatives to OTDD

e MMD on P(R? x R? x Sf"(R)) (Hua et al., 2023)
o Wasserstein task embedding (Liu et al., 2025)
e Sliced-Wasserstein on R? x H (Bonet et al., 2024; Nguyen and Ho, 2024)

e Sliced-Wasserstein on R? x P(R?) (Nguyen et al., 2025)
3
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Riemannian Manifolds

Definition

A Riemannian manifold M of dimension p is a space that behaves locally as a
linear space diffeomorphic to RP.

Properties:

e To any x € M, associate a tangent space T, M with a smooth inner product
(s e : ToM X Ty M — R.

e Geodesic between x and y: shortest path minimizing the length £

* Geodesic distance: d(z,y) = inf, L(7)

e Exponential map: Vo € M, exp, : T, M — M, inverse log,, : M — T, M

M ~



Riemannian Manifolds

Definition

A Riemannian manifold M of dimension p is a space that behaves locally as a
linear space diffeomorphic to RP.

Properties:

e To any x € M, associate a tangent space T, M with a smooth inner product
(v Yz : TaM X Ty M — R.

e Geodesic starting between z and y: Vt € [0, 1], v(t) = exp, (tlog,(y))

e Geodesic distance: d(z,y) = inf, L£(7)

e Exponential map: Vo € M, exp, : T.M — M, inverse log, : M — T, M



Wasserstein Geometry

Let M be a (compact connected) Riemannian manifold, d : M x M — R, the
geodesic distance.

Definition (Wasserstein distance)

Let u,v € Py(M) and denote by II(u, ) the set of coupling between i, v. Then,
the Wasserstein distance is

W3(p,v) = Lnt /d(x,y)2 dy(z,y).

Properties:
e W, distance, (P2(M), Ws): Wasserstein space
e Brenier-McCann’s theorem: If ;1 < Vol, then there exists a unique TZ s.t.
L (Th)sp=v (Txpu(A) = p(T7'(A)) for all A C M)
2. Forall z € M, T}, (z) = exp, ( — Vu.(x)), ¢}, Kantorovich potential
3. W) = [d(x, Thi(@))” du(z) = [ | Ve(@)]12 du()

Reminder: For M =R?, d(z,y) = ||z — y||2, exp,(v) =z + v, log,(y) =y — x.

* /23



Riemannian Structure of the Wasserstein Space
Let TM = {(x,v), x € M, v € TLM}, #™((x,v)) =z, 7°((x,v)) = v.

expy ! (v) = {7 € Pa(TM), 7'y = 1, expyy = v, / ol2dr (@, v) = Wa(u, »)}

 Geodesics between 1, v € Pay(M),
o If p < Vol: Vt € [0,1], pu = (exprg o(~tVpu.w)) 4
o If log defined p-a.e.: Vt € [0,1], pr = (exp,1(tlog o7r2))#’y, 7€ o(p,v)
o In general: V¢t € [0,1], = (expam o(tn")) 7, v € exp,, ' (v) (Gigli, 2011)

For M =R%:
o If p < Leb, e = ((1—t)Id + tTZ)#u = (Id + (T}, — Id))#u = (Id - tV(,ou,,,)#,u
o In general: py = ((1 —t)7" —|—t772)#7 = (r' 4+ t(n* - ﬂ’l))#v, v € o(u, v)



Riemannian Structure of the Wasserstein Space
Let TM = {(x,v), x € M, v € TLM}, #™((x,v)) =z, 7°((x,v)) = v.

exp, (V) = {y € P2(TM), 'y = p, expyy =, /IlvHidv(%v) = Wi (p,v)}

e Geodesics between 1, v € Py(M),
o If p << Vol: Vt € [0,1], pe = (expyq o(—thou,V))#u
o If log defined p-a.e.: Vt € [0,1], pe = (exp,1(tlog,a 07r2))#'~y, 7 € o (p, v)
o In general: Vt € [0,1], pu = (exp,m o(tTr”))#'y, v € exp;l(v) (Gigli, 2011)
e Tangent space at p € Pa(M) (Ambrosio et al., 2008; Erbar, 2010):

T,Po(M) = TV, & € C= (M)} € L2, TM),
where L2(u, TM) = {f € M — TM, [ || f(@)[}3 du(x) < oo}.

T,Py(RY) C L3 () i

Py(RY)



Wasserstein Gradient

Definition (Wasserstein gradient)

Let pu € Pa(M). Vw,F(u) € L*(p, TM) is a Wasserstein gradient of F at p if
for any v € Py(M) and any 7 € exp, ' (v),

.Hm=fm»y/wwgmmmwudﬂaw+4wxmwy

If such a gradient exists, then we say that F is Wo-differentiable at .

Properties:

e There is a unique gradient in 7, P2(M)

e Differential are strong (Erbar, 2010, Lemma 3.2), i.e. for any v € P(T'M) s.t.
my = b, expyy = v,

HW=HW+/WmewM%dMWHW<t/M@m@M)

In particular, for v = (Id, exp oT) xp,

F((expoT)pp) = F(u) + (Vwo F (1), T) L2 (urmy + oI Tl 22, 700))
— /2



Wasserstein Gradient

Example of functionals

e Potential energies V(u) = [ Vdu: For V differentiable and smooth,
Vw,V(p) =VV

e Interaction energies W(u) = [[ W (z,y) du(z)du(y): For W differentiable and
smooth,

Ve, W(i)(z) = / (VaW (2, ) + VoW () du




Wasserstein Gradient

Example of functionals

e Potential energies V(u) = [ Vdu: For V differentiable and smooth,
Vw,V(p) =VV

e Interaction energies W(u) = [[ W (z,y) du(z)du(y): For W differentiable and
smooth,

Ve, W(i)(z) = / (VaW (2, ) + VoW () du

Example of discrepancy: Maximum Mean Discrepancy (MMD) (Arbel et al.,
2019)

Fl) = 5MMDE (s, v / Bz, ) d(u— v)(@)d(s — v)(y)
W) + W(u) + cst,

with k positive definite kernel, and:

V) = [V, Vie) = - [ anty) = 5 [ K dutoran




Wasserstein Gradient Flows (Ambrosio et al., 2008)

Wasserstein gradient flow of F: curve t — p; satisfying (weakly)
Oppr = div (e Vw, F (1))

T



Wasserstein Gradient Flows (Ambrosio et al., 2008)

Wasserstein gradient flow of F: curve t — p; satisfying (weakly)

Oppr = div (e Vw, F (1))

T
A

Time discretization of the flow (Riemannian Wasserstein Gradient Descent):
pin1 = expy, (= TV, F(ur)) = (expra(=7Vw, F (k) 4 hn
Particle approximation: p! = 13" | Ok
Vie{l,...,n}, 25t = exp, i (- TVWZ}"(,uZ)(xf))

On Rzt = af — rVw, F(up) (zf)

ﬁz?



Flowing Datasets

Let 1, v € P2(R? x RP x SH*(R)), p < d.
Goal: min, F(u)

Choice of F:

e (Alvarez-Melis and Fusi, 2021): F(u) := OTDD(u, v)

e (Hua et al., 2023): F(p) := SMMDj (u, v) with kernel

k((z,m, %), (2!, m!, ) = e~ o= 13/ha g=llm=—m' |3/ o= 1513/
Several strategies:

e Wasserstein gradient flow on features 4+ update the C' Gaussian
e Wasserstein gradient flow on R% x RP x S;*(R), ie.,

Hk4+1 = expp,k ( - TVWZ‘F(:U‘]C))7

where Vw, F(ux)((z,m, X)) € RT x RP x S,(R).

Drawbacks:
e OTDD costly 4+ non differentiable (require entropic approximation)

e Both require lots of hyperparameters to tune r N\
10/
23



Contributions

Model datasets as P = £ 32, 6, € Po(P2(R?)) where v = L7 5,
— require to minimize a functional on Py (PQ(Rd))
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Contributions
Model datasets as P = £ 32, 6, € Po(P2(R?)) where v = L7 5,
— require to minimize a functional on Py (PQ(Rd))

Contributions:

o Endow P2(P2(R%)) with Wiy,

e Study differential structure of (P2(P2(RY)), Ww,)
e Develop gradient flows on this space
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Contributions
Model datasets as P = £ 32, 6, € Po(P2(R?)) where v = L7 5,
— require to minimize a functional on Py (PQ(Rd))
Contributions:
Endow P3(P2(RY)) with Wyy,
Study differential structure of (P2(P2(R%)), Wy, )
Develop gradient flows on this space

Applications:
min F(P)
PEP(P(R?))
where F(P) = %MMD%((P,Q) for Q € Py(P2(R?)) a target dataset, and K a
(positive definite kernel) on Py(RY).

o Gaussian SW kernel: K (p1,v) = e SW2(:)/h (Kolouri et al., 2016)

e Riesz SW kernel: K(u,v) = —SWa(u,v)
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Wasserstein over Wasserstein Distance (\WoW)

Definition (WoW distance)

Let P,Q € P2 (P2(M)) and denote by II(P, Q) the set of coupling between P, Q.
Then, the WoW distance is

Wi (PQ = inf [ W) dUur).

Properties:
e Wy, distance, (P2(P2(M)), Wy, ): WoW space

¢ Brenier-McCann’s theorem: Let P a reference measure satisfying suitable
assumptions (no atom, satisfies an IPP, see (Schiavo, 2020)).
If P < Py, then there exists a unique T s.t. TxP = Q (Emami and Pass, 2025).

12/23



Geodesics

Let v € Po(TM). Define p™M(v) = ﬂ;\;{"y, PP (y) = expy vy and @°(y) = T57.
For any P,Q € P5(P2(M)),

exppt(Q) ={ € Po(Po(TM)), o}t =P, ¢3° =Q,

[l o) = wh,e.0).

Properties

= (™M, 9®P) 4 s a surjective map from expp ' (Q) to I, (P, Q)
e IfP <Py, = (u— (Id, =V, r))sm)+P € expp ' (Q) is unique

Geodesic between P and Q:
o If PPy, Vte [0, 1], P, = (expld O(_tV(PId,T)) P

#
o In general, Vi € [0,1], P, = (exp,m O(t%’v))#



Tangent Space
Definition (Cylinder)

F : Po(M) = R € Cyl(P2(M)) is a cylinder if there exists k > 0, F € C°(RF)
and Vi,..., Vi € C°(M) such that, for all u € Pa(M),

]-"(u):F</V1du,...,/de,u>.

Definition (Tangent space at P € Py (P2(M)))

L*(P)

TePo (PQ(M)) = {VWZSD, p e Cyl(P2(M))}

Let (P¢):cr be an absolutely continuous curve on Pa(P2(M)). Then, for a.e.
t € 1, there exists v; € Tp, P2(P2(M)) such that [[ve] 2(p, TP, M) < [P[(t) and
for all ¢ € Cyl(I x P2(M)),

[ @t + Fwasprti v so00) dPuti)dt =o.

14/23



WoW Gradient
Definition (WoW gradient)

Let P € P2 (P2(M)). Vi, F(P) € L2(P, TPy(M)) is a WoW gradient of F at P
if for any Q € P2(P2(M)) and any € expp'(Q),

+ / (Vawae, FP) () (@), v)a d(z,) () + oWy (P, Q)).

If such a gradient exists, then we say that F is Wyy,-differentiable at P.
Properties:

o If P < Py, then there is at most one element in OF(P) N TpP;(P2(M))
e Under additional assumptions on P and M, existence of

&= 8F(P) NTpPa (PQ(M))

o If P < Py and £ € OF(P) N TpP2(P2(M)). Then £ is a strong subdifferential of
FatP, ie, for We L2(P), = (Id,¥)4P and Q= <P |

F(Q) = F(P) + / (), W (1)) 12y AP (1) + 0(11¥ | 2e).



WoW Gradient

Example of functionals

* Potential energies V(P) = [ F(u) : For F : Po(M) — R differentiable and
smooth,
VWW2V(P) = Vw,F

e Interaction energies W(P) = [[ W(u, ) dP(u)dP(v): For W differentiable and
smooth,

Ve, W(P) (1) = / (VW (i) + Vo W(-, ) dP

Conjecture:
oF
VWW2 F(P) = VWQ (5_P (P)?

where the first variation 25(P) : Po(M) — R at P is defined as the unique
function (up to a constant) satisfying

. F(P+ex)—F(P) oF
lim / (5P( ) dx;,

e—0 £

where [dy =0 and P +ex € P2(P2(M)) for & small.

16/23



WoW Gradient Flow

Discretizations:
e JKO scheme (Jordan et al., 1998):

1
Pk+1 = argmin —sz(P, Pk)2 + F(P)
PGPQ(PQ(M)) T

— converges to the WoW gradient flow when 7 — 0.

e Forward scheme:
Vk >0, Pgy1 = expp, ( - TVWWQF(PI@))

At the distribution level: 11 = exp,, (— TVWW2 F(Pk) (k) where pip ~ Py

In practice: For P, = & 3% | G with " = 53T 1 e

h > 0,0, ¢, 25y = expyie (= Vi, F(PR) (01" (2)).
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Synthetic Data

Goal: minp F(P) = LMMD%(P,Q), where Q = 1 3°_, 6,., v ring.

ko y) = = lx =yl K, v) = e Saw wizh) Kipt,v) = = SWalu, v)

OO0 OO0 OO0

Kernels considered:
o Gaussian SW kernel: K (y,v) = e=SWa(1)/(2h) (h=0.05)
e Riesz SW kernel: K(u,v) = —SWa(u,v)
e Riesz kernel on R%: k(z,y) = — ||z — y||2



Domain Adaptation

Setting:
1. Pretrain a classifier on MNIST Q

2. Flow other dataset to MNIST by minimizing F(P) = %MMD%(P, Q) with
K(p,v) = =SWa(p,v)

3. Measure accuracy on flowed data

FMNIST KMNIST
100 4 100 A
oy
E 95 4 95 -
ot —— MMDSW
O 904 90 A
< —— OTDD (final)

85

, , , , , , 85 L+ , , , , ,
0 5-10* 105 1.5-1052-1052.5-10° 0 5-104 105 1.5-1052-1052.5-10°
Iterations Iterations

— reach 100% accuracy



Domain Adaptation

Setting:

1. Pretrain a classifier on MNIST Q

MMD? (P, Q) with

1
2

2. Flow other dataset to MNIST by minimizing F(P) =

s V)
3. Measure accuracy on flowed data

—SWa(

) =

(1, v

K

Dﬂlm—ﬂllﬂ—uﬁﬂﬂn—ﬂl
Dmﬂlﬂlm_ﬂﬂﬁﬂﬂn_ﬂl
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Dataset Distillation (Wang et al., 2018)

Let A“ : R? — R? be some data augmentation (e.g. rotation, cropping...),
Y? : R4 — R with d’ < d a randomly initialized neural network used to embed

the data, o (u) = %A% .
Goal: synthesize big dataset Q = & > 6

e Distribution Matching (DM) (Zhao and Bilen, 2023):

C
F((ue)e) = Eo [Z MMD} (w%A;uc,wiA;uc)] ,

c=1

with linear kernel k(x,y) = (z,y).

e Ours: ~ , .
F(P) = B, [MMD% (¢5°P, Q)|

with K (u,v) = =SWa(p,v), P =& Zle Ok



Results Dataset Distillation

Table: Accuracy of the classifier trained on synthetic datasets with k € {1, 10,50}
synthetic images by class.

Dataset &k P! =AY =1d P? =1d A" =1d A 4 yf Baselines
DM MMDSW DM MMDSW DM MMDSW DM MMDSW Random  Full data

1 6lligs 665455 R 66.8:55  87.8100 603154  87.7105 609455 558100

MNIST 10 88.2155 93.2.7 88.7133 93.8407 97.0401  96.440.2 97.0401 964103 92.241.1 99.4
50 959109 97.0102 953114 975101 98.4.01 98.4101 98.4101 98.4.01 97.610.2
1 544435 60.0141 - 60.6.36 58.7:04 60.9126 58.7405 60.8122 49.0475

FMNIST 10 74.6410 76.7410 T4.T108  76.64 81.2.55 780409 8254.03 789412 75.3+0.7 92.4
50 81.3405 84.240; 814110 85.0402 87.6.02 87.6102 87.5101 87.6402 83.240.2

[0[/0N[0[Q0[0[0]

o ohkelel00[0]oOF
ety o b

]
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IEGed 1 bl pe §
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Transfer Learning

Goal: augment small dataset Q = & Y9, b,x with k small

Table: Accuracy of classifier on augmented datasets for k € {1,10,10,100}. M refers to
MNIST, F to Fashion MNIST, K to KMNIST and U to USPS.

Dataset k£  Tranon Q MMDSW  OTDD  (Hua et al., 2023)
1 26.0i5,3 40-53:4,7 30.5i42 36-4i3A3
M to F 5 38.546.7 61.54146 59.7118 62.7111
10 53.947.9 654415 64.0414 66.2.1 ¢
100 7Llis 74.7.0s ) 735107
1 18.4431 209,50 18.8491 19.4419
M to K 5 259440 374402 313114 39.041 9
10 309446 447,15 341409 441499
100 60.13:1.1 66.83:0_8 66.33:0_9 62.4i1_2
1 324479 374461 39.5.79 35.045.6
M to U 5 5141938 73.0+10 733114 69.611.3
10 60.3i10_1 77.23:1_2 72~7i2.7 75.6i1_2
100 87.540.7 89.7.0.4 - 88.1106

22/23



Conclusion

Conclusion:

Differential structure over the Wasserstein over Wasserstein Space

e Wasserstein over Wasserstein Gradient Flows

Implementation on the MMD

Application to Dataset Distillation and Transfer Learning

Perspectives:
e Use other positive definite kernels for the MMD
e Minimize other functionals

e Theoretical convergence



Conclusion

Conclusion:

e Differential structure over the Wasserstein over Wasserstein Space
e \Wasserstein over Wasserstein Gradient Flows

e Implementation on the MMD

e Application to Dataset Distillation and Transfer Learning

Perspectives:
e Use other positive definite kernels for the MMD
e Minimize other functionals

e Theoretical convergence

Thank you for your attention!
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