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5Université Paris-Saclay, Inria, CEA
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Motivations
Optimal Transport: Meaningful way to compare distributions

• Domain Adaptation (Courty et al., 2016)

• Generative Models (e.g. WGAN (Arjovsky et al., 2017))

• Document Classification (Kusner et al., 2015)

Data often lie on manifolds:

• Spherical data (geophysical data, directional data...)

• Hierarchical data (trees, graphs, words, images...) on Hyperbolic spaces

• M/EEG data on the space of Symmetric Positive Definite Matrices (SPDs)

Source: ESA
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Riemannian Manifolds

Definition

A Riemannian manifold (M, g) of dimension d is a space that behaves locally as a
linear space diffeomorphic to Rd.

Properties:
• To any x ∈ M, associate a tangent space TxM with a smooth inner product
⟨·, ·⟩x : TxM× TxM → R.

• Geodesic between x and y: shortest path minimizing the length L
• Geodesic distance: d(x, y) = inf

γ
L(γ)

• Exponential map: ∀x ∈ M, expx : TxM → M
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Cartan-Hadamard Manifolds

Particular case of Riemannian manifold: Cartan-Hadamard manifolds (M, g)

Definition: Non-positive curvature, complete and connected

Properties:

• Geodesically complete: Any geodesic curve γ : [0, 1] → M between x ∈ M and
y ∈ M can be extended to R

• For any x ∈ M, expx : TxM → M diffeomorphism

→ Geodesics curves aperiodics of the form γ(t) = expx(tv) for t ∈ R, v ∈ TxM

Example
• Euclidean spaces

• Hyperbolic spaces (Nickel and Kiela, 2017, 2018; Khrulkov et al., 2020)

• SPDs endowed with specific metrics (Sabbagh et al., 2019, 2020; Pennec, 2020)

• Product of Cartan-Hadamard manifolds (Gu et al., 2019; Skopek et al., 2019)
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Hyperbolic Space
Hyperbolic space: Riemannian manifold of constant negative curvature

Different isometric models:
• Lorentz model Ld =

{
(x0, . . . , xd) ∈ Rd+1, ⟨x, x⟩L = −1, x0 > 0

}
,

dL(x, y) = arccosh
(
− ⟨x, y⟩L

)
, ⟨x, y⟩L = −x0y0 +

d∑
i=1

xiyi

• Poincaré ball Bd = {x ∈ Rd, ∥x∥2 < 1},

dB(x, y) = arccosh

(
1 + 2

∥x− y∥22
(1− ∥x∥22)(1− ∥y∥22)

)
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Optimal Transport on Riemannian Manifolds

Let (M, g) be a Riemannian manifold, d its geodesic distance.

Definition (Wasserstein distance)

Let µ, ν ∈ P2(M),

W 2
2 (µ, ν) = inf

γ∈Π(µ,ν)

∫
d(x, y)2 dγ(x, y),

Π(µ, ν) = {γ ∈ P(M×M), π1
#γ = µ, π2

#γ = ν} and π1(x, y) = x,

π2(x, y) = y, π1
#γ = γ ◦ (π1)−1.

Properties:

• W2 distance

• Metrizes the weak convergence

• Riemannian structure
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Solving the OT Problem
Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =

∑n
i=1 αiδxi

, ν =
∑n

i=1 βiδyi
,

W 2
2 (µ, ν) = min

P∈Rn×n
+ , P1n=α, PT 1n=β

⟨C,P ⟩F with C =
(
d(xi, yj)

2
)
i,j

Computational Complexity (Pele and Werman, 2009)

Numerical computation: Linear program in O(n3 log n)

Sample Complexity (Boissard and Le Gouic, 2014)

For µ, ν ∈ P2(Rd), x1, . . . , xn ∼ µ, y1, . . . , yn ∼ ν, µ̂n = 1
n

∑n
i=1 δxi

and
ν̂n = 1

n

∑n
i=1 δyi

,

E
[
|W2(µ̂n, ν̂n)−W2(µ, ν)|

]
= O(n−1/d)

Proposed solutions:
• Entropic regularization + Sinkhorn (Cuturi, 2013)
• Minibatch estimator (Fatras et al., 2020)
• Sliced-Wasserstein (Rabin et al., 2011; Bonnotte, 2013)
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1D OT Problem
Let µ, ν ∈ P2(R),

• Cumulative distribution function:

∀t ∈ R, Fµ(t) = µ
(
]−∞, t]

)
=

∫
1]−∞,t](x) dµ(x)

• Quantile function:

∀u ∈ [0, 1], F−1
µ (u) = inf

{
x ∈ R, Fµ(x) ≥ u

}
1D Wasserstein Distance

W 2
2 (µ, ν) =

∫ 1

0

∣∣F−1
µ (u)− F−1

ν (u)
∣∣2 du =

∥∥F−1
µ − F−1

ν

∥∥2
L2([0,1])

Let x1 < · · · < xn, y1 < · · · < yn, µ = 1
n

∑n
i=1 δxi , ν = 1

n

∑n
i=1 δyi ,

W 2
2 (µ, ν) =

1

n

n∑
i=1

(xi − yi)
2

→ O(n log n)
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Sliced-Wasserstein Distance

Directions
Source data
Target data =

40
o

=
10

0o
=

16
0o

Definition (Sliced-Wasserstein (Rabin et al., 2011))

Let µ, ν ∈ P2(Rd),

SW2
2(µ, ν) =

∫
Sd−1

W 2
2 (P

θ
#µ, P

θ
#ν) dλ(θ),

where P θ(x) = ⟨x, θ⟩, λ uniform measure on Sd−1.
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Properties of the Sliced-Wasserstein Distance

Let x1, . . . , xn, y1, . . . , yn ∈ Rd, α, β ∈ Σn, µ =
∑n

i=1 αiδxi , ν =
∑n

i=1 βiδyi .

Approximation via Monte-Carlo:

ŜW
2

2,L(µ, ν) =
1

L

L∑
ℓ=1

W 2
2 (P

θℓ
# µ, P θℓ

# ν),

θ1, . . . , θL ∼ λ.

Properties:

• Computational complexity: O(Ln log n+ Lnd)

• Sample complexity: independent of the dimension (Nadjahi et al., 2020)

• SW2 distance (Bonnotte, 2013)

• Topologically equivalent to the Wasserstein distance (Nadjahi et al., 2019), i.e.
lim
n→∞

SW2
2(µn, µ) = 0 ⇐⇒ lim

n→∞
W 2

2 (µn, µ) = 0.

• Differentiable, Hilbertian
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SW on Cartan-Hadamard Manifolds

Goal: defining SW discrepancy on Cartan-Hadamard manifolds taking care of
geometry of the manifold

SW CHSW

Closed-form of W Line ?
Projection P θ(x) = ⟨x, θ⟩ ?
Integration Sd−1 ?
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Projecting on Geodesics
• Generalization of straight lines on manifolds: geodesics

∀v ∈ ToM, Gv = {expo(tv), t ∈ R}

• Geodesics isometric to R
• Integrate along all possible directions on So = {v ∈ ToM, ∥v∥o = 1}
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Projections
1. Geodesic projections:
◦ On Euclidean space: For θ ∈ Sd−1, Gθ = {tθ, t ∈ R}, exp0(tθ) = 0 + tθ = tθ,

∀x ∈ Rd, P θ(x) = ⟨x, θ⟩ = argmin
t∈R

∥x− tθ∥2 = argmin
t∈R

d
(
x, exp0(tθ)

)
◦ On Cartan-Hadamard manifold: For v ∈ ToM, Gv = {expo(tv), t ∈ R},

∀x ∈ M, P v(x) = argmin
t∈R

d
(
x, expo(tv)

)
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Projections
1. Geodesic projections: ∀x ∈ M, P v(x) = argmin

t∈R
d
(
x, expo(tv)

)
2. Horospherical projections: following level sets of the Busemann function

Bγ(x) = lim
t→∞

d
(
x, γ(t)

)
− t

◦ On Euclidean space: Bθ(x) = −⟨x, θ⟩
◦ On Cartan-Hadamard manifold: Bv(x) = lim

t→∞
d
(
x, expo(tv)

)
− t
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Cartan-Hadamard Sliced-Wassertein

Let (M, g) a Hadamard manifold with o its origin. Denote λ the uniform
distribution on So = {v ∈ ToM, ∥v∥o = 1}.

Geodesic-Cartan Hadamard Sliced-Wasserstein

∀µ, ν ∈ P2(M), GCHSW2
2(µ, ν) =

∫
So

W 2
2 (P

v
#µ, P

v
#ν) dλ(v)

Horospherical-Cartan Hadamard Sliced-Wasserstein

∀µ, ν ∈ P2(M), HCHSW2
2(µ, ν) =

∫
So

W 2
2 (B

v
#µ,B

v
#ν) dλ(v)

CHSW = GCHSW or HCHSW

13/23

13/23



General Properties

Some properties:

• Pseudo distance on P2(M) → open question: distance?

• ∀µ, ν ∈ P2(M), CHSW2
2(µ, ν) ≤W 2

2 (µ, ν)

• Sample complexity independent of the dimension

• Computational complexity: L ·O
(
sort(n)

)
+ Ln ·O

(
projection(d)

)
• CHSW2 is Hilbertian, K(µ, ν) = exp

(
− γCHSW2

2(µ, ν)
)
positive definite kernel

Proposition

Let µ, ν ∈ P2(Bd) and denote µ̃ = (PB→L)#µ, ν̃ = (PB→L)#ν. Then,

HHSW2
2(µ, ν) = HHSW2

2(µ̃, ν̃),

GHSW2
2(µ, ν) = GHSW2

2(µ̃, ν̃).
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Runtime and Complexity (Bonet et al., 2023c)

Closed-forms for P v and Bv on Bd and Ld:

∀v ∈ Tx0Ld ∩ Sd, x ∈ Ld,

P v(x) = arctanh

(
− ⟨x, v⟩L

⟨x, x0⟩L

)
Bv(x) = log

(
− ⟨x, x0 + v⟩L

)
∀ṽ ∈ Sd−1, y ∈ Bd,

P ṽ(y) = 2 arctanh
(
s(y)

)
Bṽ(y) = log

(∥ṽ − y∥22
1− ∥y∥22

)

Method Complexity

Wasserstein + LP O(n3 logn+ n2d)
Sinkhorn O(n2d)

SW O
(
Ln(d+ logn)

)
GHSW O

(
Ln(d+ logn)

)
HHSW O

(
Ln(d+ logn)

)
102 103 104 105

Number of samples in each distribution

101

100

10 1

10 2

10 3

Se
co

nd
s

GHSW2, L = 200
HHSW2, L = 200
SW2, L = 200

Wasserstein
Sinkhorn
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Comparison of the Projections
• Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection
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Comparison of the Projections
• Property of the Horospherical projection: conserves the distance between points
on a parallel geodesic (Chami et al., 2021)

Horospherical projection Geodesic projection

• Let µ = WND(0, Id), νt = WND(xt, Id),
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Applications to Different Hadamard Manifolds

• Hyperbolic spaces: Deep classification with prototypes (Bonet et al., 2023c)

• Pullback Euclidean Manifolds
◦ Additional properties: distance, metrize the weak convergence
◦ Mahalanobis manifolds: Application to document classification (Kusner et al., 2015)

• Space of Symmetric Positive Definite matrices (SPDs) (Bonet et al., 2023a)
◦ Application to M/EEG data: Brain-age prediction
◦ Application to BCI: Domain adaptation

Source
Target
Aligned

• Product of Hadamard manifolds: Comparison of datasets
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Gradient Flows
Goal: min

µ∈P2(Rd)
F(µ) for F : P2(Rd) → R.

Example

• F(µ) = KL(µ||ν) for sampling from ν ∝ e−V (x)

• F(µ) = D(µ, ν) for sampling from ν

Definition (Gradient Flow)

A gradient flow is a curve ρ : [0, T ] → P2(Rd) which decreases as much as possible
along the functional F .

For F : Rd → R differentiable:

• Need to solve{
dx
dt (t) = −∇F

(
x(t)

)
x(0) = x0

• Or approximate it by a time discretization

• Gradient descent/Proximal point algorithm
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Wasserstein Gradient Flows
Goal: min

µ∈P2(Rd)
F(µ) for F : P2(Rd) → R.

Wasserstein Gradient Flows

Wasserstein gradient flows of F : curve t 7→ ρt satisfying (weakly)

∂tρt − div
(
ρt∇W2F(ρt)

)
= 0,

where for all ξ ∈ L2(µ),

F
(
(Id + ϵξ)#µ

)
= F(µ) + ϵ

∫
⟨∇W2F(µ)(x), ξ(x)⟩ dµ(x) + o(ϵ).

• Approximated with the forward Euler scheme as:

∀k ≥ 0, µk+1 =
(
Id− τ∇W2

F(µk)
)
#
µk = expId

(
− τ∇W2

F(µk)
)
#
µk

• Particle approximation: µ̂n
k = 1

n

∑n
i=1 δxk

i

∀k ≥ 0, i ∈ {1, . . . , n}, xk+1
i = expxk

i

(
− τ∇W2F(µ̂n

k )(x
k
i )
)
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Wasserstein Gradient of CHSW
Let F(µ) = 1

2CHSW
2
2(µ, ν) for µ, ν ∈ P2(M).

Wasserstein gradient of F
For all x ∈ M,

∇W2
F(µ)(x) =

∫
So

ψ′
v

(
P v(x)

)
gradMP v(x) dλ(v),

with ψv the Kantorovich potential between P v
#µ and P v

#ν:

∀s ∈ R, ψ′
v(s) = s− F−1

Pv
#ν

(
FPv

#µ(s)
)
.

• Continuity equation:

∂tµt + div(µtvt) = 0 with vt = −
∫
So

ψ′
v

(
P v(x)

)
gradMP v(x) dλ(v)

• Algorithm: For all k ≥ 0, i ∈ {1, . . . , n},

xk+1
i = expxk

i

(
τ v̂k(x

k
i )
)

with v̂k(x) = − 1

L

L∑
ℓ=1

ψ′
vℓ,k

(
P vℓ(x)

)
gradMP vℓ(x).

20/23

20/23



Wasserstein Gradient of SW
Let F(µ) = 1

2SW
2
2(µ, ν) for µ, ν ∈ P2(Rd).

Wasserstein gradient of F (Bonnotte, 2013; Liutkus et al., 2019)

For θ ∈ Sd−1, P θ(x) = ⟨x, θ⟩, gradP θ(x) = ∇P θ(x) = θ. For all x ∈ Rd,

∇W2
F(µ)(x) =

∫
Sd−1

ψ′
θ

(
P θ(x)

)
θ dλ(θ),

with ψθ the Kantorovich potential between P θ
#µ and P θ

#ν:

∀s ∈ R, ψ′
θ(s) = s− F−1

P θ
#ν

(
FP θ

#µ(s)
)
.

• Continuity equation:

∂tµt + div(µtvt) = 0 with vt = −
∫
Sd−1

ψ′
θ

(
⟨θ, x⟩

)
θ dλ(θ)

• Algorithm (SWF): For all k ≥ 0, i ∈ {1, . . . , n},

xk+1
i = xki − τ

L

L∑
ℓ=1

ψ′
θℓ,k

(⟨θℓ, xki ⟩)θℓ
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Application to Hyperbolic Space

On Lorentz model:

• ∀x ∈ Ld, v ∈ TxLd, expx(v) = cosh(t∥v∥L)x+ sinh(t∥v∥L)
v

∥v∥L

• P v(x) = arctanh
(
− ⟨x,v⟩L

⟨x,x0⟩L

)
, gradLP

v(x) = − ⟨x,x0⟩Lv−⟨x,v⟩Lx
0

⟨x,x0⟩2L−⟨x,v⟩2L

• Bv(x) = log
(
− ⟨x, x0 + v⟩L

)
, gradLB

v(x) = x0+v
⟨x,x0+v⟩L

+ x

Algorithm: ∀k ≥ 0, xk+1
i = expxk

i

(
− τ

L

∑L
ℓ=1 ψ

′
vℓ,k

(
P vℓ(xki )

)
gradLP

vℓ(xki )
)

Target distributions

−2

−1

0

log10(W 2
2 (µ̂n, ν))

GHSW

HHSW

SW on Poincaré

Target distributions

−1.5

−1.0

−0.5

log10(W 2
2 (µ̂n, ν))

0 25 50 75 100 125 150 175 200

Iterations

−2

−1

0

1

0 50 100 150 200 250 300

Iterations

−0.5

0.0

0.5
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L
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′
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)
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vℓ(xki )
)

SW HHSW GHSW
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Conclusion

Conclusion

• SW discrepancies on Cartan-Hadamard manifolds

• Can be applied to ML tasks on different manifolds

• Wasserstein gradient flows to minimize CHSW

Follow-up works and perspectives:

• Study other Riemannian manifolds: Sphere (Bonet et al., 2023b; Quellmalz
et al., 2023, 2024; Tran et al., 2024; Garrett et al., 2024)

• Extension to unbalanced setting (Séjourné et al., 2023)

• Study statistical properties

• Study convergence of the gradient flows

Thank you!
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mixed-curvature representations in product spaces. In International Conference
on Learning Representations, 2019.

Valentin Khrulkov, Leyla Mirvakhabova, Evgeniya Ustinova, Ivan Oseledets, and
Victor Lempitsky. Hyperbolic image embeddings. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition, pages
6418–6428, 2020.

23/23

23/23



References IV

Matt Kusner, Yu Sun, Nicholas Kolkin, and Kilian Weinberger. From word
embeddings to document distances. In International conference on machine
learning, pages 957–966. PMLR, 2015.

Antoine Liutkus, Umut Simsekli, Szymon Majewski, Alain Durmus, and
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